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PREFACE 


The object of this book is to consider from an elementary 
standpoint as many different types of wave motion as 
possible. In almost every^ case the fundamental problem 
is the same, smce it consists in solving the standard equation 
of wave motion ; the various appKcations differ chiefly 
in the conditions imposed upon these solutions. For this 
reason it is desirable that the subject of waves should be 
treated as one whole, rather than in several distinct parts ; 
the present tendency is in this direction. 

It is presupposed that the reader is familiar with the 
elements of vector analysis, the simpler results of which 
are freely quoted. In a sense this present volume may 
be regarded as a sequel to Butherford’s Vector MeihodSy 
published in this series. 

In a volume of this size, it is not possible to deal 
thoroughly with any one branch of the subject : nor 
indeed is this desirable in a book which is intended as 
an introduction to the more specialised and elaborate 
treatises necessary to the specialist. This book is intended 
for University students covering a general course of Applied 
Mathematics or Natural Philosophy in the final year of 
their honours degree. A few topics, such as elastic waves 
in continuous media, or at the common boundary of two 
media, and radiation from aerials, have unavoidably had 
to be omitted for lack of space. The reader is referred to 
any of the standard works on elasticity and wireless for 
a discussion of these problems. 
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This book would not be complete without a reference 
of gratitude to my friends Dr D. E. Rutherford and 
Dr G. S. Eushbrooke, who have read the proofs, checked 
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to the clarity of my arguments. My thanks are also 
offered to my wife for her share in the preparation of 
the manuscript. 
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CHAPTEB I 


THE EQUATION OF WAVE MOTION 

§ 1. We are all familiar with the idea of a wave ; thus, 
when a pebble is dropped into a pond, water waves travel 
radially outwards ; when a piano is played, the wires 
vibrate and sound waves spread through the room ; when 
a wireless station is transmittmg, electric waves move 
through the ether These are all examples of wave motion, 
and they have two important properties in common: 
firstly, e nergy is propag ated to distan t points ; and 
secondly, t he {hs tnrbanSLSivels .tjirongih, the ^medium 
without jdving-thajme dium as a whole any permanent 
displacement. Thus the ripples spread outwards over a 
pond carrying energy with them, but as we can see by 
watching the motion of a small floating body, the water 
of the pond itself does not move with the waves. In the 
following chapters we shall find that whatever the nature 
of the medium which transmits the waves, whether it be 
air, a stretched string, a liquid, an electric cable or the 
ether, these two properties which are common to aU these 
types of wave motion, will enable us to relate them 
together. They are all governed by a certain differential 
equation, the Equation of Wave Motion (see §5), and 
the mathematical part of each separate problem merely 
consists in solving this equation with the right boundary 
conditions, and then interpreting the solution appropriately. 

§2. Consider a disturbance <f> which is propagated 
along the x axis with velocity c. There is no need to 
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btate explicitly what <f> refers to ; it may be the elevation 
of a water wave or the magnitude of a fluctuating electric 
field. Then, since the disturbance is moving, ^ will depend 
on X and L When ^ = 0, ^ will be some function of x 
which we may call f{x). f{x) is the wave profile, since 
if we plot the disturbance ^ against x, and “ photograph ” 
the wave at t — 0, the curve obtained will he — f(x). 
If we suppose that the wave is propagated without change 
of shape, then a photograph taken at a later time t will 
be identical with that at ^ = 0, except that the wave 
profile has moved a distance ct in the positive direction 
of the X axis. If we took a new origm at the point x = ct, 
and let distances measured JBrom this origin be called X, 
so that X = X+ct, then the equation of the wave profile 
referred to this new origin would be 

Referred to the original fixed origin, this means that 

<l,=f(x-cl) .... (1) 

This equation is the most general expression of a wave 
moving with constant velocity c and without change of 
shape, along the positive direction of x. If the wave is 
travelling in the negative direction its form is given by 
(1) with the sign of c changed, i e. 

4>=f(x+a) (2) 

§ 3. The simplest example of a wave of this kind is the 
harmonic wave, in which the wave profile is a sine or 
cosine curve. Thus if the wave profile at i = 0 is 

= a cos mx, 

then at time t, the displacement, or disturbance, is 

if) = a cos m{x—ct) . , , (3) 

The maximum value of the disturbance, viz. a, is called 
the amplitude. The wave profile repeats itself at regular 
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clislances 27r/w. This is knoTm as the wavelength A. 
Equation (3) could therefore be written 

(f) = a cos .... (4:) 

A 


The time taken for one complete wave to pass any point 
is called the period r of the wave. It follows from (4) that 

277 

—{z—d) must pass through a complete cycle of values 
A 

as t is mcreased by r. Thus 



i e 


t=A,c . . . . (5) 


The frequency ?i of the wave is the number of waves 
passing a fixed observer in unit time. Clearly 

n = l/r . . . * (6) 

so that c = nX, .... (7) 


and equation (4) may be written in either of the equivalent 
forms, 




a cos 277 


<f> = a cos 277 



( 8 ) 

( 9 ) 


Sometimes it is useful to introduce the wave nu mber jfc, 
wh ^ is the ^a ves in uni t diRtajinft Then 

I/A , (10) 

and we may write equation (9) 

^ =z a cos 27T{kx—7U) 


- • ( 11 ) 
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If we compare two similar waves 


= a cos 2TT{kx—nl), 

<f>2 = d cos{27T{kx—nt)+€}f 

we see that same as except that it is displaced 

a distance cj^k, ie. eXj^'ir. € is called the phase of ^2 
relative to ^ 1 . If € = 2??, 47r, ... then the displacement 
is exactly one, two, ... wavelengths, and we say that the 
waves are in phase ; if € = w, Stt, ... then the two waves 
are exactly oui of phase 

Even if a wave is not a harmonic wave, but the wave 
profile consists of a regularly repeating pattern, the 
definitions of wavelength, period, frequency and wave 
number still apply, and equations (5), (6), (7) and (10) 
are still valid. 

§4. It is possible to generalise equation (1) to deal 
with the case of plane waves in three dimensions. A 
pl ane wave is ^i^in which the disturbance is constant 
o ver all p o mts of^ plane drawn perpendicular to the 
direction.^f_^opa^tion. Such a plane is called a wave- 
front, and the wavefront moves peipendicular to itself 
with the velocity of propagation c. If the direction of 
propagation is x : y : z = l :m : n, where I, w, n are the 
direction cosines of the normal to each wavefront, then the 
equation of the wavefronts is 

Ix+my+nz = const., . . . (12) 

and at any moment ^ is to be constant for aU a?, y, z 
satisfying (12). It is clear that 

4i=f(kc+my-\-7iz--ct) . . , (13) 

is a function which fulfils all these requirements and 
therefore represents a plane wave travelling with velocity 
c in the direction I :m:n without change of form. 
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§ 5. The expression (13) is a particular solution of the 
equation of wave motion referred to on p. 1. Since 
Z, m, % are direction cosines, = 1, and it is 

easily verified that ^ satisfies the differential equation * 


dx*'^ 8y^~^ 8z^ c- cfi 


This is the equation of wave motion.| It is one of the 
most important differential equations in the whole of 
mathematics, since it represents aU types of wave motion 
in which the velocity is constant. The expressions in 
(1), (2), (8), (9), (11) and (13) are all particular solutions 
of this equation. We shall find, as we investigate different 
types of wave motion in subsequent chapters, that equation 
(14) invariably appears, and it will be our task to select 
the solution that is appropriate to our particular problem. 
There are certain types of solution that occur often, and 
we shall discuss some of them in the rest of this chapter, 
but before doing so, there is one important property of 
the fundamental equation that must be explained. 


§ 6. The equation of wave motion is linear. That is 
to say, <f> and its differential coefficients never occur in 
any form other than that of the first degree. Consequently, 
if and are any two solutions of (14), (ii(f>x+a ^2 
also a solution, and being two arbitrary constats. 
This is an illustration of the principle of superposition, 
which states that, when all the relevant equations are 
linear, we may superpose any number of individual 
solutions to form new functions which are themselves also 
solutions. We shall often have occasion to do this. 

A particular instance of this superposition, which is 

* This eqiialiion has a close resemblance to Laplace’s Equation 
which is discussed in Rutherford, Vector Methods, Chapter VII. 
The references, here and later, to this book refer to the first edition. 
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important in many problems, comes by adding together 
two harmonic waves going in different directions with the 
same amphtude and velocity. Thus, with two waves 
similar to (11) in opposite directions, we obtain 

if>=z a cos 27 T{kx^rU)+a cos ^{lcx-\-nt) 

= 2a cos 27rfcr cos 2TTifd (15) 

This is known as a stationary wave, to distinguish it from 
the earlier progressive waves. It owes its name to the 
fact that the wave profile does not move forward. In fact, 
^ always vanishes at the points for which cos 2^1cx = 0, 
13 5 

viz a:= ±-7, ±j7, ijr, • These pom ts are called the 

4aI 4a/ ^xlC 


nodes, and the intermediate points, where the amplitude 
of ^ (i.e. 2a cos 2Trkx) is greatest, are called antinodes. 
The distance between successive nodes, or successive 
antinodes, is l/2i, which, by (10), is half a wavelength. 

Using harmonic wave fimctions similar to (13), we find 
stationary waves in three dimensions, given by 

£77 277* 

^ = a cos — {Jb^+my-\-nz—cl) + a cos — (fe+my tTiz +c^) 
A A 

2/tt 2tt 

— 2a cos (lx-\-my-{-nz) cos -^ct . . . (16) 

A A 

In this case ^ always vanishes on the planes lx-\-my-{-nz 

A 3A j j T. 1 

= db-T* db “r» •••> these are known as nodal planes. 
4 4 


§ 7. We shall now obtain some special types of solution 
of the equation of wave motion ; we shall then be able to 
apply them to specific problems in later chapters. We 
may divide our solutions into two main l^es, representing 
stationary and progressive waves. 

We have already dealt with progressive waves in one 
dimension. The equation to be solved is 
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Its most general solution miy be obtained by a 
method due to D’Alembert. We change to new variables 
u — x—ct, and v = x-rd. Then it is easily verified that 

d(j} ‘ f, Cif> c^c4) d<i> cS 

— transforms to ~ t — , — transforms to ~c - — \-c — ; 
cx cu cv dt cu ov 

becomes +2 and finaUv becomes 
ox^ diL^ cudv 8v~ " ct^ 


\du^ "duBv'^dv^j' 


^ ‘ dtcdv 


+ Whtn these changes are made 


the equation becomes = 0 ; the most general solution 

of this is (f) =f(u)~jrg{v), 

f and g being arbitrary functions. In the original variables 
this is ^=f{^—ct)-rg{x-{-ct) . . . (17) 

The harmonic waves of § 2 are special cases of this, ia 
which / and g are cosine functions The waves / and g 
travel with velocity c, in opposite directions. 

In two dimensions the equation of wave motion is 

• • ■ ( ) 

By a method similar to D'Alembert’s it can be shown 
that the most general solution involving only plane * waves 
is ^=f(lx+my—ct)+g{lx+my+ct), . (19) 

where, as before, / and g are arbitrary functions and 

= 1 . 

In three dimensions the differential equation is 

dx^'^dy^'^dz^ > 

and the most general solution involving only plane waves is 

^=^JiJx+my+nz~d)’\-g{Lx-\-my’\-nz-\-ci) . (21) 

in which = 1. 

* Strictly these should be called luie waves, since at any 
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There are, however, other solutions of progressive type, 
not involving plane waves. For suppose that we transform 
(20) to spherical polar coordinates r, 0, ip* The equation 
of wave motion becomes 

dr^^r dr^ t^saiedd\ 50/ ^ f« sin* 0 30^ ~ c* at* ‘ 

( 22 ) 

If we are interested in solutions possessing spherical 
symmetry (i.e. independent of d and p) we shall have to 
solve the simpler equation 

af^"^ far 6* at* “ * 

This may be written 

a* 1 a* 

showing (cf eq. (17)) that it has solutions 
r^ = f{r~ct) + ff(r+ct), 

/ and g again being arbitrary functions. We see, therefore, 
that there are progressive type solutions 

4> == ^Ar-ct) + ^ g(f-f ct) . . (24) 

Let us now turn to solutions of stationary type. These 
may aU be obtained by the method known as the separation 
of variables. In one dimension we have to solve 

^ _ 1 ^ 
dx^ “ dt^' 

Let us try to find a solution of the form 
P = X{x)T{t), 


* O 
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X and T being functions of x and t respectively, whose 
form is still to be discovered. Substituting this value of 
(j) in the differential equation and dividmg both sides 
by X{z)T{t) we obtain 

1 d^X 1 d-r 

= 


The left-hand side is mdependent of t, being only a function 
of Xj and the right-hand side is independent of x. Since the 
two sides are identically equal, this implies that each is 
independent both of x and and must therefore be constant. 
Putting this constant equal to we find 

X^'+p^X = 0, T^'+c^p^T = 0. . . (26) 


These equations give, apart from arbitrary constants 


.n. COS COS — 

Z = nr , y = . cpt* 
sm^ sin ^ 


(27) 


A typical solution therefore is a cos px cos cpt, m which 
p is arbitrary. In this expression we could replace either 
or both of the cosines by sines, and by the principle of 
superposition the complete solution is the sum of any 
number of terms of this kind with different values of p. 

The constant —p^ which we introduced, is known as 
the separation constant. We were able to introduce it in 
(25) because the variables x and t had been completely 
separated &om each other and were in fact on opposite sides 
of the equation. There was no reason why the separation 
constant should have had a negative value of —p^ except 
that this enabled us to obtain harmonic solutions (27). 
If we had put each side of (25) equal to -\-p\ the solutions 
would have been 

X = , T = . . . (28) 

and our complete solution should therefore include terms 
of both types (27) and (28). The same distinction between 
the harmonic and exponential types of solution will occur 
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This method of separation of variables can be extended 
to any number of dimensions. Thus in two dimensions a 
typical solution of (18) is 


cos cos cos ^ 
= . vx ay . rd, 
sm sm sm 


(29) 


in which p and q being allowed arbitrary 

values. alternative version of (29), in which one of 
the functions is exponential, is 


I cos 4.-„cos , 
(b == pxe-^^ . ret 
^ sm sm 


(30) 


in which p^—q^ = rK 

It is easy to see that there is a variety of forms similar 
to (30) in which one or more of the functions is altered 
from a harmonic to a hyperbolic or exponential term. 

Tn three dimensions we have solutions of the same type, 
two typical examples being 


cos cos cos cos 

= , px , qu . rz 

oiYi * oin c 


sm^ 


sm 


sm 


sm 


P^+q^+7^ = ( 31 ) 


, cosh cos cos , 

0 = . . px . rz . sd , 
^ smh sm sm 


( 32 ) 


There are two other examples of solution in three 
dimensions that we shall discuss. In the first case we put 
a; = r cos fl, y = r sin 0 , and we use r, 6 and z as cylindrical 
coordinates. The equation of wave motion becomes * 

^ Id^ ^ I _ 1 0^ 

df^ r cr 7^ 89^ ^ 8z^ ct^' 

A solution can be foimd of the form 

j>^R{r)&{9)Zmt\ . . . ( 33 ) 
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where, by the method of separation of rariables, 0, Zy 
T satisfy the equations 


drB , IdB 
dr^ ‘ T dr 


'^B-nm = 0 , 


d^& 

dff^ 


= —m^Q, 


dz^ 

dr-T 

dt^ 


= -cY^T , 




(34; 


The only difficult equation is the first, and this * is just 
Bessel’s equation of order m, with solutions 
T^{nr), is finite and is infinite when r = 0, so 
that we shall usually require only the solutions. The 
final form of ^ is therefore 


Tt 


COS ^ cos cos 
. mJd . qz , i 
sm sm sm 


(36) 


If ^ is to be single valued, m must be an integer ; but w, 
q and p may be arbitrary provided that w® = p® — g®. 
Hyperbolic modifications of (35) are possible, similar in 
all respects to (31) and (32). 

Our final solution is one in epherical polar coordinates 
r, 0, t/i. The equation of wave motion (22) has a solution 
R{r) 9 (8) W (^) T{t), where 


i^T 

dt^ 


= -c®p®T 


d®y 


= -m”F, 


1 d 
sm 0 dd 




PS 2dB f 

dt^ • r dr r® J 


0 . 
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m, n and p are arbitrary constants, but if y(^) is to be 
single valued, m must be integral. The first two of these 
equations present no difficulties. The 0-equation is the 
generalised Legendre’s Equation * with solution 

0(0)=P^«» (COS0), 

and if 6 is to be finite ever 3 ?where, n must be a positive 
integer. When w = 0 and n is integral, (cos 0) 
reduces to a polynomial in cos 0 of degree n, known 
as the Legendre’s polynomial P^ (cos 0). For other 
integral values of m, P„“ (cos 0 ) is defined by the equation 

P-{cose) = 


A few values of P„ (cos 0) and P«“ (cos 0) are given 
below, for small integral values of n and m. When m>n, 
(cos 0 ) vanishes identically. 

Pq (cos 0) = 1 

Pi (cos 0 ) = cos 0 

Pg (cos 0) == J (3 cos^ 0—1) 

P 3 (cos 0) = 1 (5 cos® 0—3 cos 0) 

P 4 (cos 0) = i (35 cos^ 0—30 cos® 0+3) 

(cos 0 ) == sin 0 
Pg^ (cos 0 ) = 3 sin 0 cos 0 
P^ (cos 0) = I sin 0 (5 cos® 0—1) 

Pg® (cos 0) = 3 sin® 0. 


To solve the P-equation put E{r) = and we 

find that the equation for jS(r) is just Bessel’s equation 


^ 1 ^ 
df® rdr 



{n+m 

r® 


8 = 0 . 


Therefore S{r) = or T^jj^(pr). 


* See Ince, Integration of Ordinary Differential EquationSj p 119, 



I nc cv^v^/\ 1 1 wr YY/\vc iiwiiv^in 


I j 


Collecting the various terms, the complete solution, apart 
from hyperbolic modifications, is seen to be 

4 ( 2 w)P*“(oos 0) <^t. (36) 

r„^i /2 sm sm 

If ^ has axial symmetry, we must only take functions 
with m = 0, and if it has spherical symmetry, terms with 
m ~ n = 0, Now Jjjoiz) == V'(2/7t 2) sin z, and also 
Yii 2 {^) = — y/(^lTTz) cos z, so that this becomes 


, . cos cos 


A solution finite at the origin is obtained by omitting the 
cos pr term. 


§ 8 - We shall now gather together for future reference 
the solutions obtained in the preceding pages. 

Progressive waves 
1 dimension 


dx~ c- 

^ =/(ic— c^)+^(.rH-c«) . . (17) 

2 dimensions 

^ ^ _ 13^ 
dx^ 3y^ {? ct^ 

^=f{U+my—ct)+g{lx+my-\-ct),l^+m^ = l . (19) 


3 dimensions 

dx^ dy^~^ 3z^ 3t^ 

<f> —f{lx-{-my+iiz—ct)+g{lx-{-my+nz-+^ct), P-\-m^+n^=l 

( 21 ) 


3 dimensions, spherical symmetry 


^ 2^ 

Sr* r3r 


1 ^ 
c* cP 


^ ^ gir+a) 


(24) 
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Stationary waves 
1 dimension 

^ _ 1 ^ 


cos cos 
sm^’^sm*^ 


2 dimendons 


s^4> _ 1 ^ 


( , COS cos cos o « o 


k cos 




3 dimensions 


8^ ^ ^ _ 1 £2,^ 


, COS cos cos cos 

^ sin-^^ sm sin sm*^’ 

3J®+gHr®=s2 . (31) 

, cosh , cos cos 
^=smh5»^«*®'sm’^sm««^’ 

. (32) 


Plane Polar Coordinates (r, 6) 


Cylindrical polar coordinates (r, 2 ) 

^ ~ c^l¥ ^ 

^ = y“ («r) qz ^ p»-f . (35b) 


Spherical Polar Coordmates (r, 0, i[s) 

4.?!^ 4. 1 Aind^'i I ^ ^ _ 1 ^ 

ai^ "^r ar ■^r^sind.adv ad/ “^f^sin^da^ c*a«2’ 

^ = r-1'2 ^»+V 2 (pr)P,’" (cos d) ^ cp< . (36) 

-t n+1/2 sm 
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Spherical symnietrv 
_ Ic^ 
di- ' r cr c- ct^ 




, cos cos 
r . pr . cpt , 
sm sin 


(37) 


It should be noted that there are exponential modifications 
of all the above equations. 

In solving problems, we shall more often require 
progressive tjq)© solutions in cases where the variables x 
y, z are allowed an infinite range of values, and stationary 
type solutions when their allowed range is finite. 


§ 9- There is an important modification of the equation 
of wave motion which arises when Motion, or some other 
dissipative force, produces a damping. The damping effect 
is usually allowed for (see e g. Chapter 11 and elsewhere) 

o # 

by a term of the form which will arise when the 

ot 

damping force is proportional to the velocity of the vibra- 
tions. The revised form of the fundamental equation, 
known as the equation of telegraphy, is 




(38) 


If we omit the term this equation is the same as that 
ct- 

occurring in the flow of heat. If we put <l> ^ u we 
obtam an equation for u of the form 


, 1 (chi 1 ,, 1 


(39) 


Very often ifc is so small that we may neglect P, and then 
(39) is in the standard form which we have discussed in 
§ 8 , and the solutions given there will apply. In such a 
case the presence of the dissipative term is shown by a 
decay factor If this is written in the form 

then f 0 (= 21k) is called the modulus of decay. When 
the term in ^ may not be neglected, we have to solve 
(38) and the method of separation of variables usually 
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There is an alternative solution to the equation of 
telegraphy that is sometimes useful. Takmg the case of 
one dimension, and supposing that k is so small that 
k^ may be neglected, we have shown that the solution of 
(38) may be written m the form 

.... (40) 
where f is any function. Since / is arbitrary, we can put 

f{x—c() = e g{x—a), 

and g is now an arbitrary function. Substitutmg this in 
(40) we get 

ff, ^ g(x-ct). . . . (41) 

This expression resembles (40) except that the exponential 
factor varies with x instead of with t, 

§ 10. Most of the waves with which we shall be 
concerned in later chapters wiU be harmonic. This is 
partly because, as we have seen in § 8, harmonic functions 
arise very naturally when we try to solve the equation of 
wave motion ; it is also due to the fact that by means of 
a Fourier analysis, any function may be split into harmonic 
components, and hence by the principle of superposition, 
any wave may be regarded as the resultant of a set of 
harmonic waves. 

When dealing with progressive waves of harmonic type 
there is one simphfication that is often useful and which 
is especially important in the electromagnetic theory of 
light waves. We have seen in (11) that a progressive 
harmonic wave hi one dimension can be represented by 
^ = a cos 27r{kx—7U). If we allow for a phase e, it 
will be written (f) = a cos ^(kx—7i£)+e}. Now this 
latter function may be regarded as the real part of the 
complex quantity a jg most convenient 

for our subsequent work if we choose the minus sign and 
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also absorb the phase e and the amphtnde a into one 
complex number ^4. We shall then \iTite 

4 ,=^ A ,A=^a . (42) 

This complex quantity is itself a solution of the equation 
of wave motion, as can easily be seen by substitution, and 
consequently both its real and imaginary parts are also 
solutions. Since all our equations m 4 are linear, it is 
possible to use (42) itself as a solution of the equation 
of wave motion, instead of its real part. In any equation 
in which ^ appears to the first degree, we can, if we wish, 
use the function (42) and assume that we always refer to 
the real part, or we can just use (42) as it stands, without 
reference to its real or imaginary parts. In such a case the 
apparent amplitude A is usually complex, and since 
A = a c“^, we can say that \A\ is the true amplitude, 
and —arg A is the true phase. The velocity, of course, 
as given by (7) and (10), is njk. 

We can extend this representation of 0 to cover waves 
travelling in the opposite direction by using in such a case 

4> = A (43) 

There is obviously no reason why we should not extend 
this to two or three dimensions. T’or instance, in three 
dimensions 

4 = Q2uri{nt-(px+Qy+n)} ^ ^ ^ (44j 

would represent a harmonic wave with amplitude A 
moving with velocity ^ direction 

x:y :z=p :q:r. 


§ 11- We shall conclude this chapter with an example. 

Let us find a solution of = “5 --ri such that d> 

dx- cy- ^ 


vanishes on the lines q; = 0, a; = a, y = 0, y = b. Since 
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the lines x = 0, a, and y 0, b are nodal lines, our 
solution must be of the stationary type. Referring to § 8, 
equation (29), we sec that possible solutions are 


, cos cos cos . , ^ „ 

S =z , vx ret , where p-'+a*' = 


Since ^ is identically zero at a; = 0, and ?/ = 0, we shall 
have to take the sine rather than the cosine in the first 
two factors. Further, since at x = a, ^ = 0 for all 
values of y, therefore 

sin pa = 0. 

Similarly, siu qb — 0. 

Hence p = mirfa, and q = m and n being integers. 
A solution satisf 3 dng all the conditions is therefore 

, . miTX . nrry cos 

^ = sin &in — ^ ref , 

^ a 6 sm ’ 

where = 77^(m?la^-}-n^lb^). 

The most general solution is the sum of an arbitrary 
number of such terms, e g. 


<!> 


. mTTX ’flTTlf -TN - ^ 

= Z sin — Mi [G^^n cos rct-{-D^n sm ret}. 


At f = 0, this gives 


[^]<=o = ^C„„sin sm 

a 0 


(45) 


r*/-. rr . vmy 

[ 91=0 = sm— . 

a 0 


By suitable choice of the constants and 

make ^ and <f> have any chosen form at f = 0. The value 

at any subsequent time is then given by (45). 
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§ 12. Examples 

(1) Show that (ft = /(c cos 0-i-y sm represents a 

wave in two dimensions, the direction of propagation maJnng 
an angle 9 with the axis of x. 

(2) Show that (f> — a cos ijbi-\~my—ct) is a wave in two 
dimensions and find its wavelength. 

(3) What is the wavelength and velocity of the system of 
plane waves ^ = a sin (Ax+By+Cz—Di) ? 

(4) Show that three equivalent harmonic waves with 120° 
phase between each pair have zero sum. 

(5) Show that ^ cos ^9 /(r±ci) is a progressive Iwpe 

wave in two dimensions, r and 6 being plane polar coordinates, 
and / being an arbitrary function. By superposing two of 
these waves in which / is a harmonic function, obtain a 
stationary wave, and draw its nodal lines. Note that this is 
not a single-valued function unless we put restrictions upon the 
allowed range of 9. 

(6) By taking the special case of f{x) = g{x) = sin px in 
equation (24), show that it reduces to the result of equation 
(36) in which m = n = 0. Use the relation 




=V(i) 


dH 1 

(7) Find a solution of = 0, such that = 0 

when « = 00 , and ^ = 0 when a: == 0. 

1 

(8) Find a solution of ^ = - — such that ^ s= 0 when 

w3C^ O' Oo 

X = +00 or ^ == + 00 . 

(9) Solve the equation — = — given that z is never 

infinite for real values of x and and z = 0 when a; = 0, or 
when « = 0. 

a^F BY 

(10) Solve — = — given that F = 0 when t — co and 



10 


vv/wco 


(13) s am given m terms of the tliree quantities 

I, 77, ^ by the equatioric* 

X = a sinli ^ sai 77 cos ^ 
y = a sinh i sm 77 sin f 
z = a cosh ( cos 17 

. 52 ^ QiA I dU , ^ 

Show that the equation — + — is of the 

dx^ dy^ dz^ C“ dl^ 

correct form for solution by the method of separation of 
variables, when i, 17 , J are used as the independent variables. 
Write down the subsidiary equations into which the whole 
equation breaks down. 

12 . Show that the equation of telegraphy (38) in one 
dimension has solutions of the form 


4> 


COS 

sin 


mx 


where m and p are constants satisfying the equation 
p2 ^ m^c^-lhK 


[Answers: 2. 27r/(Z» + w2)l ; 3. A = 27r/{^2_^B2 + C2)l, 
vel. = AD/27r ; 7. A sin nx ; 8 . ; 9. A sin px 

sin cpi; 10 . Ae-^ sm pXy p =7rll, 2^11, . 11 . Show 

that i = const., 77 = const,, J = const, form an orthogonal 
system of coordinates, and transform in terms of f, 77 , J 
as in Rutherford, Vector Methods, § 47. The result is 
<lf = X{i)Y{rj)Z{QT{t), where w, p and q are arbitrary con- 
stants, and 


1 d , ,dX 

smh i 

smh i di di 

I d . dY 

sm 77 <*77 dr] 






= —m^Z, 


d^T 
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WAVES ON STRINGS 

§ 13. In this chapter we shall discuss the transverse 
vibrations of a heavy string of mass p per unit length. By 
transverse vibrations we mean vibrations in which the 
displacement of each particle of the string is in a direction 
perpendicular to the length. When the displacement is 
in the same direction as the string, we call the waves 
longitudinal ; these waves will be discussed in Chapter IV. 
We shall neglect the effect of gravity ; in practice this 
may be approximately achieved by supposing that the 
whole motion tikes place on a smooth horizontal plane. 

In order that a wave may travel along the string, 
it is necessary that the string should be at least shghtly 
extensible ; in our calculations, however, we shall assume 
that the tension does not change appreciably from its 
normal value F. The condition for this (see § 14) is that 
the wave disturbance is not too large. 

Let us consider the motion of a small element of the 
string PQ (fig. 1) of length ds. Suppose that in the 
equilibrium state the string lies along the axis of x, and 
that PQ is originally at PqQq. Let the displacement of 
PQ from the x axis be denot^ by y. Then we shall obtain 
an equation for the motion of PQ in terms of the tension 
and density of the string. The forces acting on this 
element, when the string is vibrating, are merely the two 
tensions F acting along the tangents at P and Q as shown 
in the figure ; let ifs and be the angles made by these 

two tangents with the x axis. We can easily write down 



the equation of motion of the element PQ in the y direction; 
for the resultant force acting parallel to the y axis is 
F sin {ifs-\-di[s)—F sin ifs. Neglecting squares of small 
quantities, this is F cos tfs dijf. The equation of motion is 
therefore 

F cas^d^f/ = pds^ . . . (1) 



Now tan ^ , so that *>» 

from (1) 




d3? 


c^y dx 

^ ^ ds? da 


( 2 ) 


But cos^ijf = 



-1 


so that if the displacements 
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are small enough for us to neglect 



compared 'with 


unity, we may write (2) in the standard form for wave 
motion * (Chapter I, § 5), viz.. 


dx^ 


Ic^ 

c cz 


, where c“ 


= FlP - 


( 3 ) 


It follows from Chapter I, equation (17) that the general 
solution of this equation may be put in the form 

y=fix—d)+g{x+ct), . . . (4) 


/ and g being arbitrary functions. f(x—ct) represents a 
progressive wave travelling in the positive direction of 
the X axis with velocity c, and g{x-\-cl) represents a 
progressive wave with the same velocity in the negative 
direction of a;. Thus waves of any shape can travel in 
either direction with velocity c= y/i^lp)^ without 
change of form. A more complete discussion, in which 
we did not neglect terms of the second order, would show 
us that the velocity was not quite independent of the 
shape, and indeed, that the wave profile would change 
slowly with the time. These corrections are difficult to 
apply, and we shall be content with (4), which is, indeed, 
an excellent approximation except where there is a sudden 


kink ” in y, in which case we cannot neglect 



§ 14. Smce the velocity of any point of the string is y, 
we can soon determine the kinetic energy of vibration. It is 

T= .... (5) 

* The student who is mteiested in geometry wdl be able to 
prove that the two tensions at P and Q are together equivalent to a 
single force of magnitude FdsfR, where B, is the radius of curvature 
of the string. This force acts perpendicularly to PQ. Putting 

B = + }■ ^ j and neglecting , we obtain (3). 



The potential energy F is found by considering the increase 
of length of the element PQ. Tins element has increased 
its length &om dx to ds. We have therefore done an 
amount of work F{ds—dz). Summing for all the elements 
of the string, we obtain the formula 

F - (s) V*}* 

= f ^‘*^5 approximately. . (6) 


The integrations in (5) and (6) are both taken over the 
length of the strmg 

With a progressive wave y =f{x—ct), these equations 
give 


T ipc^^-dx = IF jifrdx . . (7) 

V = Wjif'fdx ( 8 ) 


Thus the kinetic and potential energies are equal. The 
same result applies to the progressive wave y = g[x-\-cl)^ 
but it does not, in general, apply to the stationary type 
waves y = f{x—ct)+g(x+ct). 

We can now decide whether our initial assumption is 
correct, that the tension remains effectively constant. 
If the string is elastic, the change m tension will be pro- 
portional to the change in length. We have seen in (6) 

that the change in length of an element da; is ^ 

2 \dx/ 


dx. 


dy 

Thus, provided that ~ is of the first order of small 
ox 

quantities, the change of tension is of the second order, 
and may safely be neglected. This assumption is equivalent 
to asserting that the wave profile does not have any large 
“ kinks,” but has a relatively gradual variation with x. 



§ 15. The functions / and g of (4) are arbitrary But 
they may be fixed by a knowledge of the initial conditions. 
Thus, with a string of unlimited length, such that 
^^=0 = yf=o = we must have, from (4), 

f{x)+g{x) = (j,{x), 

-cf'(3:)+cg'(x) = ^[x). 


Integrating this last equation we have 

—f{x)+ 9 {x) = (l/c)J il,{x)dx, 


and so 

f(x) = ^ >K^)dx^, 

9(x) = -r-J i>{x)dx'j. 

The displacement at any subsequent time t is therefore 

y = \ - 

If 1 1 

= -U>{x—a)+^(x+d)+-j Ji{x)dxy. . . ( 9 ) 


1 rx-et 1 f^x-i-ct ’] 

-J ilj[x)dx + -J 


§ 16. The discussion above apphes specifically to 
strmgs of infinite length. Before we discuss strings of 
finite length, we shall solve two problems of reflection 
of waves from a discontinuity in the string. The first is 
when two strings of different densities are joined together, 
and the second is when a mass is concentrated at a point 
of the string. In each case we shall find that an incident 
wave gives rise to a reflected and a transmitted wave. 

Consider first, then, the case of two semi-infinite 
strmgs 1 and 2 j'oined at the origin (fig. 2). Let the 

* This function must be distinguished from the angle ^ in 
§13. 



deiioities of the two strings be pi and pg- Denote the dis- 
placements in the two strmgs by iji and t/o Let us suppose 
that a train of harmonic waves is mcident from the negative 
direction of x. When these waves meet the change of 
wire, they will suffer partial reflection and partial trans- 
mission. If we choose the exponential functions of § 10 
to represent each of these waves, we may write 

Vl — ^incident "1“ 2^reflected 

y% ~ ^transmitted • • (1^) 

where 

^mcident = 

2/tnmsmitted = . (11) 



Ai is real, but and Bi may be complex. According to 
§ 10 equation (42), the arguments of Ag and will give 
their phases relative to the incident wave. All three waves 
in (11) must have the same frequency n, but since the 
velocities in the two wires are different, they will have 
different wavelengths l/^i and l/ifeg. The reflected wave 
must, of course, have the same wavelength as the mcident 
wave. Since the velocities of the two typ s of waves are 
njk^ and njh^ (Chapter I, equations (7) and (10)), and we 
have shown in (3) that — F/p, therefore 

Ici^lh^ = pilp2 - 


• (12) 



la order to determine A 2 and 5^ we use what are known 
as the boundary conditions. These are the conditions 
which must hold at the boundary point x~0. Since the two 
strings are continuous, we must have = y^ identically 
for all values of t, and also the two slopes must be the same, 

so that — ^ ^ for all L If this latter condition were 

dx dx 

not satisfied, we should have a finite force acting on an 
infinitesimal piece of wire at the common pomt, thus 
giving it infinite acceleration. We shall often meet 
boundary conditions in other parts of this book; their 
precise form will depend of course upon the particular 
problem under discussion. In the present case, the two 
boundary conditions give 

A-j^-\~^\ = -do, 

27ri{ = 27ri( 

These equations have a solution 

fci+ifca ’ A^ k^+h2 ' * ^ ^ 


Since fcg and A^ are real, this shows that Bi and 
are both real. A 2 is positive for aU and Ig? is 

positive if hi>k 2 , and negative if ^<^ 2 - 
transmitted wave is always in phase with the incident 
wave, but the reflected wave is in phase only when the 
incident wave is m the denser medium ; otherwise it is 
exactly out of phase. 

The coeflScient of reflection R is defined to be the 
2 

which, by (12), we may write 



ratio, \B^jA 


P ie 

• U+ J 


Since, from (7) and (8), the energy of a progressive 
wave is proportional to the square of its amplitude, it 
follows that B represents the ratio of reflected energy to 



incident energy. Smiiia,rly, since no energy is wasted, the 
coefdcient of transmission which gives the ratio of 
transmitted energy to incident energy, is equal to l—i?, 

ie WpiVpi 

(Vpx+Vp*)* • • • • 


§ 17. A similar discussion can be given for the case of 
a mass M concentrated at a point of the string. Let us 
take the equilibrium position of the mass to be the origin 
(fig. 3) and suppose that the string is identical on the two 



sides. Then if the incident wave comes from the negative 
side of the origin, we may wnte, just as in (10) and (11) : 

Vl ~ 2i^incident 2/reflected 
2/2 ~ 2/tiaiismitted 

where 

^incident = 

^reflected = 

2/traDsmitted ~ tx) ^ ^ ^ (16) 

The boundary conditions are that for all values of t 


(i) [yiL=o = .... (17) 




The first equation expresses the continuity of the string 
and the second is the equation of motion of the mass 3/. 
We can see this as follows : the net force on JZ is the 
difference of the components of F on either side, so that 
if and ifs^ are the angles made with the x axis, we have 


M 



J'(sin ^ 2 —sin 


Since ifsi and iff 2 are small, we may put sin iff 2 = 

tan J /2 = ^ , sin and (18) is then obtained. 

dx ox 

Substituting from (16) into (17) and (18), and cancelling 
the term which is common to both sides, we find 


di+5i = ^42, 

^ikF[A2-A^+B^ = AfiTVMA2. 


Let us write Tm^MIkF = p . 

A solution of the equations then gives 

^ —ip ^ —p^—ip 

1+^^ l+p2 

A 2 1 

Ai l+i^? l+p^ 


(19) 

(20) 
( 21 ) 


In this problem, unlike the last, B^ and A 2 are complex, 
so that there are phase changes. These phases (according 
to § 10) are given by the arguments of (20) and (21), 
They are therefore tan”^(p) and tan“'i(— 1/p) respectively. 
The coefficient of reflection B is \BJAj\^, which equals 
p^l(l+p^), and the coefficient of transmission T is 
1 — jB, i.e. 1/(1 +i>^). If we write p = tan 0, where 
O< 0 < 7 r/ 2 , then we find that the phase changes are 6 
and 7r/24-®, and also B = sin^ B^T = cos^ 0, 


§ 18. The two problems in §§ 16, 17 could be solved 
quite easily by taking a real form for each of the waves 
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instead of the complex forms (11) and (16). The student 
IS advised to solve these problems in this way, taking, for 
example, in § 17, the foims 

S^incident = Ui COS 27 r( 7 l«— ^) 

^reflected = hj COS {27r(n«+&J') -f-c} 

2^transimtted = a2COs{27r(nt-kx)+7j} . (22) 

In most cases of progressive waves, however, the complex 
form is the easier to handle ; the reason for this is that 
exponentials are simpler than harmonic functions, and 
also the amplitude and phase are represented by one 
complex quantity rather than by two separate terms. 


§ 19. So far we have been dealing with strings of 
infinite length. When we deal with strings of finite length 
it is easier to use stationary type waves instead of progres- 
sive type. Let us now consider waves on a string of length 
Z, fastened at the ends where a? = 0, Z. We have to find a 

1 

solution of the equation (3), viz. — , subject to 


the boundary conditions = 0, at a; = 0, Z, for all t. 
Now by Chapter I, § 8, we see that suitable solutions are 
of the type 


cos cos 


It is clear that the cosine term in x will not satisfy the 
boundaiy condition at a: = 0, and we may therefore write 
the solution 

2^ = sin ^a; (a cos cpZ+6 sin cpt). 


The constants a, h and p are arbitrary, but we have stOl 
to make y = 0 at x—L This implies that sin pi = 0, 
i.e. pi = TT, 2tt, Stt ... It follows that the solution is 


. nrx ( riTCt . ^7rct\ 

y = sm— I a cos — 1- h sm — | , r=l,2,3, . . 


( 23 ) 
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Each of the solutions (23) in which r may have any positive 
int-egral value, is known as a normal mode of vibration. 
The most general solution is the sum of any number of 
terms similar to (23) and may therefore be written 

„ . TTTxf iTTCt , . r-iTCt] 

y = Ism -y|«r cos — —6^ sm — | . (24) 

The values of and are determined from the initial 
conditions ; thus, when t = 0. 


yt=o = ^ aj,sm— . 

• 

• 

(25) 

VTTX 

yi^o = I b^ —^m— . 

« 

• 

(26) 


If we are told the initial velocity and shape of the string, 
then each and is found from (25) and (26), and hence 
the full solution is obtamed. We shall write down the 
results for reference. J£ we suppose that when t = 0, 
y = ^(x), y = then the Fourier analysis represented 
by (25) and (26) gives 



In particular, if the string is released from rest when 
^ = 0, every b^ = 0. 

§ 20, As an illustration of the theory of the last section, 
let us consider the case of a plucked string of length I 
released from rest when the midpoint is drawn aside 
through a distance h (fig 4). In accordance with (25) 
and (26) we can assume that 

« rwx ri-d 

y = I sin -j- cos . 

r=l ^ * 
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TTTX 

WTion ^ = 0, this reduces to sin -y-, and the coefficients 

have to be chosen so that this is identical with 

2h 

y = —X , 

2h 

y =^J (i—^) > ii<*<** 



If we multiply both sides of the equation y = sin 

r I 


tttx 


by sin — , and integrate from x = 0 to x = I, as in the 

b 

method of Fourier anal3r5is, all the terms except one will 
disappear on the right-hand side, and we shall obtain 

-a^= I — a;sm— d 2 ;+ — (Z— a?) sm— dz. 

^ Jo^ ^ Jz/2^ f' 


when r is odd. 


Whence 8A . rtr 

= 0 when r is even. 

So the full solution, giving the value of y at all subsequent 
times, is 
8A ® 

y=zi 


^\Zo(2n+\f 


. {2n+l)7r . (2%+l)7ra; (27i+l)7rcZ 

sm sm cos — 

2 Z Z 

( 28 ) 
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Thus the value of y is the result of superposing certain 
normal modes with their appropriate amphtudes. These 
are known as the partial amplitudes. The partial 
amphtude of any selected normal mode (the rth for 
example), is just the coefficient In this example, 
vanishes except when r is odd, and then is proportional 
to l/r^, so that the amplitude of the higher modes is 
relatively small. 


§ 21. The rth normal mode (23) has a frequency rc/2L 
Also, there are zero values of y (i.e. nodes) at the points 
a; = 0, Z/r, 21 jr .... (r— l)Z/r, Z. If the string is plucked 
with the finger lightly resting on the point Z/r it will be 
found that this mode of vibration is excited. With even 
order vibrations (r even) the mid-point is a node, and with 
odd order vibrations it is an antinode. 

We can find the energy associated with this mode of 
vibration most conveniently by rewriting (23) in the form 


^ . tttx (titcA , 1 

= A sm — cos ^ — r ej 


(29) 


Here A is the amplitude and € is the phase. According 
to (5) the kinetic energy is 



oj y^dx 


TT-c-r-p 

4Z 


„ frircZ , 1 
A-sm^ J ’ 


(30) 


Similarly, by (6) the potential energy is 





dx = 


ttW 

4Z 


A-COS^I?^ +€ -. 


(31) 


Now by (3) Fjp — c^, and so the two coefficients in (30) 
and (31) are equal. The total energy of this vibration 
is therefore 


A1 


(32) 
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The total energy is thus proportional to the square of the 
amplitude and also to the square of the frequency. This 
IS a result that we shall often find as we investigate various 
types of wave motion. 

As a rule, however, there are several normal modes 
present at the same tune, and we can then write the dis- 
placement (24) in the more convenient form 

« , . tttx iriTCi , ) 

y = Z'A^sm — cosj— +e,|. * (33) 


Aj. is the amphtude, and is the phase, of the rth 
normal mode. When we evaluate the kinetic energy 
as m (30) we find that the “ cross-terms ” vanish, since 


/ 

Jo 

kinetic energy is Just 


TTTX . STTX n ^ r 

— sm — dx = Oyifr ^ 


Consequently the total 


TT^C^p 

“IT 




1 


rrrct 




)• 


and in a precisely similar way the total potential energy is 


n’^F 

IT 


Zr^A^ cos^ 



By addition we find that the total energy of vibration is 


TT-c^p 

“ST 




(34) 


This formula is important. It shows that the total energy 
is merely the sum of the energies obtained separately for 
each normal mode. It is due to this simple fact, which 
arises because there are no cross-terms involving 
that the separate modes of vibration are called normal 
modes. It should be observed that this result holds for 
both the kinetic and potential energies separately as well 
as for their sum. 
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We have already seen that wiu*n a &trmg vibrates more 
than one mode is iisnally excited. The lotrest frequency, 
viz. c/2Z, is called the ground note, or fundamental, and 
the others, vrith frequencies rc 21, are harmonics or over- 
tones. The frequency of the fundamental varies directly 
as the square root of the tension and inversely as the 
length and square root of the density. This is knoTm as 
Mersenne’s law. The tone, or quahty, of a vibration is 
governed by the proportion of energt’ in each of the 
harmonics, and it is this that is characteristic of each 
musical instrument. The tone must be carefully distin- 
guished from the pitch, which is merely the frequency of 
the fundamental. 

We can use the results of (34) to determine the total 
energy in each normal mode of the vibrating string which 
we discussed in § 2 jcording to (28) and (33) ^ 2 n == 


ana — 


sm 


i2n^l)TT 


Consequently, the 


77 ^ (2 2 

total energy of the even modes is zero, and the energy 
of the (2»+l)th mode is l6cWp\27i+lf7i^L This shows 
us that the mam part of the energy is associated Ttith the 
normal modes of low order. We can check these formulae 
for the energies in this example quite easily. For the total 
energy of the whole vibration is the sum of the energies of 
each normal mode separately : i.e. 

^ ^ , mch^p - 1 


It is shown in i. that the sum of the series 

I/P 4 -I/ 32 +I/ 52 -I- ... isTT^/S. Hence the total energy is 
^Vb^pfl, i e. 2Fh^jl. But the string was drawn aside and 
released from rest in the position of fig. 4, and at that 
moment the whole energy was in the form of potential 
energy. This potential energy is just F times the increase 
i length, ie. 2F{(Z2/4+^“)^^2— Z/2}. A simple calculation 



36 


WAVES 


as we have already done in our formulation of the equation 
of wave motion, this becomes 2Fh^ll, thus verifymg our 
earlier result. 

This particular example corresponds quite closely to 
the case of a violin string bowed at its mid-point. A listener 
would thus hear not only the fundamental, but also a 
variety of other frequencies, simply related to the funda- 
mental numerically. This would not therefore be a pure 
note, though the small amount of the higher harmonics 
makes it much purer than that of many musical instru- 
ments, particularly a piano. 

If the string had been bowed at some other point than 
its centre, the partial amphtudes would have been diJfferent, 
and thus the tone would be changed. By choosing the 
point properly any desired harmonic may be emphasised 
or diminished, a fact well known to musicians. 

§ 22. We have seen in § 21 that it is most convenient 
to analyse the motion of a string of finite length m terms 
of its normal modes. According to (33) the rth mode is 

^ r^TX (rTTCt , ] 

y, = A^sji — cos + €, j-. 


We often write this 

y, = ^,sin-^ ... (35) 

The expressions <j}^ are known as the normal coordinates 
for the string. There are an infiboite number of these 
coordinates, since there are an infinite number of degrees 
of freedom in a vibrating string. The advantage of using 
these coordmates can be seen from (30) and (31) ; if the 
displacement of the string is 
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then 


T - ^ pJI6r 

4 r 


(37) 


The reason why we call a normal coordinate is 
now clear ; for in mechanics the normal coordinates 
^ 1 , are suitable combinations of the original 

variables so that tlie kinetic and potential energies can be 
written in the form 

T = . . . 

F = (38) 

The similarity between (37) and (38) is obvious. Further, 
it can be shown, though we shall not reproduce the analysis 
here, that Lagrange’s equations of motion apply w'ith the 
set of coordinates in just the same way as with the 
coordinates in ordinary mechanics. 


§23. We shall next discuss the normal modes of a 
string of length I when a mass JLT is tied to its mid-point 
(fig. 5). Now we have already seen in § 21 that in the 



normal vibrations of an unloaded string the normal modes 
of even order have a node at the mid-point. In such a 
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vibration there is no motion at this point, and it is clearly 
irrel(‘vant whether there is or is not a mass concentrated 
theie Accordingly, the normal modes of even order are 
unaffected by the presence of the mass, and our discussion 
will apply to the odd normal modes. 

Just as in the calculations of §§ 16, 17, in which there 
was a discontinuity m the strmg, we shall have two 
separate expressions and y^ valid in the regions 0^x^ll2 
and 1/2 ^x^l. It is obvious that the two expressions 
must be such that y is symmetrical about the mid-point 
of the strmg. y^ must vanish at a; = 0 and y^ a,t x = 1. 
Consequently, we may try the solutions 

= a sm px cos {cpt+e) 

y^ = a sm p{l—x) cos (cpi+e) . . (39) 


We have already satisfied the boundary condition = y^ 
at a; = Z/2. There is still the other boundary condition 
which arises from the motion of Jf. Just as in (18) we 
may write this 


ci/2 

dx 


_ = j/ 

L Si® Jx 


= 1/2 


Substituting the values of y^ and y^ as given by (39) and 
using the relation F = cy, we find 


pi. pi pi 
2^2 


(40) 


The quantity pZ/2 is therefore any one of the roots of the 
equation x tan x = pl/M. Kwe draw the curves y = tan Xy 
y ~ pljMxy we can see that these roots lie in the regions 
0 to 7r/2, to 37r/2, 27r to 57r/2, etc. If we call the roots 
a^i, OTg ... then the frequencies cp/27r become cx^IttI. If Jf 
is zero so that the string is unloaded, x^ = (r+l/2)'7r, 
so the presence of Jf has the effect of decreasing the 
frequencies of odd order. 

If we write n for the frequency of a normal mode. 



WAVES ON STRINGS 


39 


in the form of an equation to determine n directly ; viz . 

X tan X = pZ/J/, where x = (ttZ c)n . . 

This equation is called the period equation. Its solutions 
are the various permitted frequencies (and hence jieriods) 
of the normal modes. Period equations occur very fre- 
quently, especially when we have stationary type waves, 
and we shall often meet them in later chapters. This 
particular period equation is a transcendental equation 
with an infinite number of roots. 


§ 24. In the previous paragraphs we have assumed that 
there was no frictional resistance, so that the vibrations were 
undamped. In practice, however, the air does provide 
a resistance to motion ; this is roughly" proportional to the 
velocity. Let us therefore discuss the motion of a string 
of length I fixed at its ends but subject to a resistance 
proportional to the velocity. The fundamental equation 
of wave motion (3) has to be supplemented by a term in 

— and it becomes 
dt 


dx^ \ cl^ ct J ’ 


(42) 


A solution by the method of separation of variables (cf . § 9) 
is easily made, and we find 

y = j4e“l^sinpa;cos('v/(c-p®— 


Since y is to vanish at the two ends, we must have, as 
before, sin pZ = 0, and hence p == rir/Z, r = 1, 2, 3 — 
The normal modes of vibration are therefore 


where 


tttx 


y = sin — - cos (gZ+e^) . 




(43) 


72 
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The exponential term represents a decaying amplitude 
Trith modulus (see § 9) equal to 2/7 j. The frequency 
g/ 27 r is slightly less than -wrhen there is no frictional resist- 
ance, However, h is usually small, so that this decrease 
in frequency is often so small that it may be neglected. 

§ 25. There is another interesting method of obtaining 
the velocity of propagation of waves along a string, which 
we shall now describe and which is known as the method 
of reduction to a steady wave. Suppose that a wave is 
moving from left to right in fig. 6 with velocity c. Then, 



if we Buperimiiose on the whole motion a uniform velocity 
— c the wave profile itself will be reduced to rest, and 
the string will everywhere be moving with velocity c, 
keeping all the time to a fixed curve (the wave profile). 
We are thus led to a different problem from our original 
one ; for now the string is moving and the wave profile 
is at rest, whereas originally the wave profile was movmg 
and the string as a whole was at rest. Consider the motion 
of the small element PQ of length ds situated at the top 
of the hump of a wave. If i2 is the radius of curvature at 
this top point, and we suppose, as in § 13, that the string 
is almost inextensible, then the acceleration of the element 
PQ is c^lB downwards. Consequently, the forces actmg on 
it must reduce to (c^/S) pds. Hut these forces are merely the 
two tensions F at P and Q, and just as in § 13 (especially 
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note at foot of p. 23), they give a resultant Ff/s 7? downwards. 
Equating the two expressions, we have 




ds = 



, i.e. c- = Flp. 


This is, naturally, the same result as found before. The 
disadvantage of this method is that it does not describe 
in detail the propagation of the wave, nor does it deal 
with stationary waves, so that we cannot use it to get 
the equation of wave motion, etc. It is, however, very 
useful if we are only concerned with the wave velocity, 
and we shall see later that this simple artifice of reducing the 
wave to rest can be used in other problems as well. 


§ 26. Examples 

(1) Find the velocity of waves along a string whose density 
is 4 gms. per cm. when stretched to a tension 90000 dynes. 

(2) A string of unlimited length is pulled into a harmonic 
shape y = a cos fear, and at time ^ = 0 it is released. Show 
that if F is the tension and p the densily of the string, its 
shape at any subsequent time t is y a cos kx cos kct, where 
c* = F/p. Find the mean kinetic and potential energies per 
unit length of string. 

(3) Find the reflection coefficient for two strings which 
are joined together and whose densities are 25 gms. per cm. 
and 9 gms. per cm. 

(4) An infinite string lies along the x axis. At f = 0 that 
X)art of it between a; = ± ® is given a transverse velocity 
o*— as*. Describe, with the help of equation (9) the subsequent 
motion of the string, the velocity of wave motion being c. 

(5) Investigate the same problem as in question (4) except 
that the string is finite and of length 2a, fastened at the 
points X = ±a. 

(6) What is tbe total energy of the various normal modes 
in question (5) ? Verify, by summation over aU the normal 
modes, that this is equal to the initial kinetic energy. 

(7) The two ends of a uniform stretched string are fastened 
to light rings that can slide fieely on two fixed parallel wires 
X = 0, X = ly one rmg being on each wire. Find the normal 
modes of vibratton. 
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(8) A uniform string of length 21 fastened at its ends, is 
plucked a distance ct at a point of trisection. It is then 
released from rest. Find the energy in each of the normal 
modes and verify tliat the sum is mdeed equal to the work 
done m plucking the string originally. 

(9) Discuss fully the period equation (41) in § 23. Show in 
particular that successive values of x approximate to ttt, 
and that a closer approximation is a; = r7r+pZ/ikfrir. 

(10) Show that the total energy of vibration (43) is 

lplA^^e-^*{q^-{‘kq cos (qt+e^) sin cos^ (gi+c,.)}, 

and hence prove that the rate of dissipation of energy is 
lkf^Ar^€r^*{2q sin (qt-\-€r)+k cos (gZ+e,.)}®. 

(11) Two uniform wires of densities and and of equal 
length are fastened together at one end and the other two ends 
are tied to two iBxed pomts a distance 21 apart. The tension 
is F. Find the normal periods of vibration. 

(12) The density of a stretched string is mfx^. The end- 
points are at a; = a, 2a, and the tension is F. Verify that the 
normal vibrations are given by the expression 

= 4 sin [0 log, (*/«)] pt, where 0» = ^ _ 1 . 

\a J F 4 

Show that the period equation is d log^ 2 — mr, to = 1, 2, ... . 

(13) A heavy uniform cham of length I hangs freely from 
one end, and performs small lateral vibrations. Show that 
the normal vibrations are given by the expression 

y — A Jt{ipy/{xjg}) cos (pt+e), 
where Jq represents Bessel’s function (§7) of order zero, x 
being measured fiom the lower end. 

Deduce that the peiiod equation is «^o(2jP V{V^z}) = 0. 


[Answers : 

1. 150 cms./sec. ; 2. JFo®fe®sm®A»/, JFo®A:® cos" ftcZ ; 3.1/16; 
5. y = Sbr cos sin — = (-l)-4a»/(r+i)V*c; 


6. 8pa®/15; 7, 2 /=OrCOS cos ; 8. energy in rth 

27c®a®p rn 

normal mode = — sin® ~ ; sum = 2c^a^pj ^ ; 11. 2ttIp 
where Cj tan (pZ/c^) = — c,tan(pZ/rj), ei^=Flpi, = J’/p*.] 
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WAVES IN MEMBRANES 

§ 27. The vibrations of a plane membrane stretched to a 
uniform tension T may be discussed in a manner very 
amilar to that which we have used in Chapter II for 
strings. "When we say that the tension is T we mean that 
if a line of unit length is drawn in the surface of the 
membrane, then the material on one side of this line 


TSx 



exerts a force T on the material on the other side, and this 
force is perpendicular to the line we have drawn. Let us 
consider the vibrations of such a membrane ; we shall 
suppose that its thickness may be neglected. If its 
equilibrium position is taken as the xy plane, then we are 
concerned with displacements z(xy) perpendicular to this 
plane. Consider a small rectangular element ABCD 
(fig. 7) of sides Bx, By. When this is vibrating the forces 

4S 
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on it are (a) two forces TSa; perpendicular to AB and CD, 
and (6) two forces TS^ perpendicular to AD and BG. 
These four forces act in the four tangent planes tlirough 
the edges of the element. An argument precisely similar 
to that used in Chapter 11, § 13, shows that the forces (a) 


give a resultant TSa; . — hy perpendicular to the plate. 


Similarly, the forces (6) reduce to a force TSy 



Let 


the mass of the plate be p per unit area ; then, neglecting 
gravity, its equation of motion is 






BH 


T ^3 Sa; 82 /+T = pZxZy—. 




i.e. 


\dx^ dy^] ~~ 


BH 


This may be put in the standard form 

1 ?hs. 


Bt?^ By^ 


“I” ^2 r/2 * 




where 


c2 = T/p 


( 1 ) 

( 2 ) 


Thus we have reduced om problem to the solution of the 
standard equation of wave motion, and shown that the 
velocity of waves along such membranes is c = VWp). 


§ 28, Let us apply these equations to a discussion of the 
transverse vibrations of a rectangular membrane ABCD 
(fig. 8) of sides a and 6, Take AB and AD as axes of x 
and y. Then we have to solve (1) subject to certain 
boundary conditions. These are that z = 0 at the boundary 
of the membrane, for aU t. With our problem this means 
that 2 == 0 when x = 0, x = a, y = 0, y = h, independent 
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of the time. The most smtahle solution of the equation 
of wave motion is that of § 8, equation (29). It is 


z = 


cos cos cos 

■ • QJ 

sin sm^ sm 


ret , 




If z is to vaiiibh at a; = 0, 2^ = 0, we shall have to reject 
the cosines in the first two factors. Further, if z vanishes 



at a; = a, then sin pa = 0, so that p = mirla, and similarly 
q = mrib, m and n being positive integers. Thus the 
normal modes of vibration may be written 


where 


- miTX . 

z = A sm sm 

a 


mry 


cos {rct+€)y 




( 3 ) 


We may call this the (m, n) normal mode, 
is rcl27T, i.e. 



Its frequency 


( 4 ) 


The fundamental vibration is the (1, 1) mode, for which the 


frequency is 


The overtones (4) are 


not related in any simple numerical way to the funda- 
mental, and for this reason the sound of a vibrating plate, 
m which as a rule several modes are excited together, is 
much less mubical to the ear than a string, where the 
harmonics are aU simply related to the fundamental. 
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In the (m, 7i) mode of (3) there are nodal lines x = 0, 

ajm, 2a/m, a, and y — 0, bln, 2bln, ... b. On opposite 

sides of any nodal line the displacement has opposite sign. 
A few normal modes are shown in fig. 9, in which the 
shaded parts are displaced oppositely to the unshaded. 



( 3 . 2 ) 



The complete solution is the sum of any number of 
terms such as (3), with the constants chosen to give any 
assigned shape when i = 0. The method of choosing 
these constants is very similar to that of § 19, except that 
there are now two variables x and y instead of one, and 
consequently we have double integrations correspondmg 
to (27). 

According to (4) the frequencies of vibration depend 
upon the two variables m and As a result it may 
happen that there are several diJBferent modes having the 
same frequency. Thus, for a square plate, the (4, 7), 
(7, 4), (1, 8) and (8, 1) modes have the same frequency ; 
and for a plate for which a = 36, the (3, 3) and (9, 1) 
modes have the same frequency. When we have two or 
more modes with the same frequency, we call it a 
degenerate case. It is clear that any linear combmation 
of these modes gives another vibration with the same 
frei[uency. 
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§ 29. We can introduce normal coordinates as in the 

case of a vibrating string (cf. §22). According to (3) 

the full expression for z is 

„ , , V . “niTiX . TlTTV 

z = 2, cos (rci+eJ sm sm . (o) 

» Of 0 

THy n W V 

We write this 

_ , mTTX . niry 

^ = sm — sm — , . . (6) 

in,/i ^ 0 

where <f>^^ are the normal coordmates. The kinetic 

energy is 

... (7) 


and this is easily shown to be 




( 8 ) 


The potential energy may be calculated in a manner 
similar to § 14. Referring to fig. 7 we see that in the 
displacement to the bent position, the two tensions TSy 
have done work TSy . {arcAB—hx). As in § 14, this 


reduces to approximately 


- T /- V 
2^ \dx) 


8x8y. The other two 


tensions T8x have done work 
potential energy is therefore 

-MW 


1 /azy 

2 ' 1%; 


SxSy. The total 


+ 


/'^\2 


dxdy. 


( 9 ) 


In the case of the rectaogulax membrane this reduces to 

r=2;lpabc^rm, . . . ( 10 ) 

It Will be seen that T and Y are both expressed in the form 
of Chapter 11, equation (38), typical of normal coordinates 
in mechanical problems. 
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§ 20 With a circular membrane such as a drum of 
radius a, we have to use plane polar coordinates r,d 
instead of Cartesians, and the solution of equation (1), 
apart from an arbitrary amphtude, is given in § 8, 
equation (35a). It is 

z = Jminr) m9 cos Twrf. 

We have neglected the T^{nr) term since this is not finite 
at r = 0. If we choose the origin of 6 properly, this normal 
mode may be written 

z = J^(wr) cos mJd cos net, . . (11) 

If 2 is to be single- valued, m must be a positive integer. 
The boundary condition at r = a is that for all values of 
0 and Jm,{7ui) cos mO cos net equals zero, i e , Jmi^) = 0. 
For any assigned value of m this equation has an infinite 
number of real roots, each one of which determines a 
corresponding value of n. These roots may be found 
from tables of Bessel functions. If we call them 

2 > • • • > frequency of (11) is 7ic/27r, 

i.e. and we may call it the (m, ^) mode. The 

allowed values of m are 0, 1, 2 , ... and of Jc are 1, 2, 3, ... . 
There are nodal hnes which consist of circles and radii 
vectores. Fig. 10 shows a few of these modes of vibration, 
shaded parts being displaced in an opposite direction to 
unshaded. 

The nodal lines obtained in figs. 9 and 10 are known 
as Chladni’s figures. A full solution of a vibrating mem- 
brane is obtained by superposing any number of these 
normal modes, and if nodal lines exist at aU, they will 
not usually be of the simple patterns shown in these 
figures. As in the case of the rectangular membrane so 
also in the case of the circular membrane, the overtones 
bear no simple numerical relation to the fundamental 
frequency, and thus the sound of a drum is not very 
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musical. A vibrating bell, however, is of very s imilar 
type, but it can be shown * that some of the more important 
overtones bear a simple numerical relation to the funda- 
mental ; this would explain the pleasant sound of a well- 
constructed bell. But it is a little difficult to see why 
the ear so readily rejects some of the other overtones 



( 0 , 1 ) ( 1 , 1 ) ( 2 . 1 ) 



(0,2) (0,3) (2.2) 

Fig. 10 


whose frequencies are not simply related to the fimdamentaL 
A possible explanation f is that the mode of striking may 
be in some degree unfavourable to these discordant 
frequencies. In any case, we can easily understand why 
a bell whose shape differs slightly from the conventional, 
wiU usually sound unpleasant. 

* See Slater and Frank, IrUrodvction to Theoretical Physics, 
1933, p. 161. 

t Lamb, Dynamical Theory oj Sound (Arnold), 1910, p. 155. 


D 
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§ 31. Examples 

(1) Find two normal modes which are degenerate (§ 28) 
for a rectangular membrane of sides 6 and 3. 

(2) Obtain expressions for the kinetic and potential 
energies of a vibratmg circular membrane. Perform the in- 
tegrations over the ^-cooidinate for the case of the normal mode 

z = A Jfjnr) cos md cos net. 


(3) A rectangular drum is 10 cm. x20 cm. It is stretched 
to a tension of 5 kgm., and its mass is 20 gm. What is the 
fundamental frequency ? 

(4) A square membrane bounded by a: = 0, a and y = 0, a 

is distorted into the shape z = A sm sin and then 

a a 

released- Wliat is the resulting motion ? 

(5) A rectangular membrane of sides a and b is stretched 
unevenly so that the tension in the x direction is Tj and in 
the y direction is T 2 - Show that the equation of motion is 


T _ 4-T — - 


dy- 


= P 


at*' 


Show that this can be brought into 


the standard form by changing to new variables a?/VT* 
yIVTi* hence find the normal modes. 

(6) Show that the number of normal modes for the 
rectangular membrane of § 28 whose frequency is less than N is 
approximately equal to the area of a quadrant of the elhpse 
4p 

^ "h ^ = y NK Hence show that the number is roughly 
‘srpnbN^fT. 


[ANSWERS: 1. (2, 0) and (0, 1); in general {2m, n) and 

(2r, m) ; 2. r = {J„(Rr)}*rdr. 

V = cos* nctj“ [R*{J„'(nr)}*+OT*{J„(nr)}V/*] r rfr. 

which becomes, after integration by parts 

TTpH^e^A^ ecte * net JS r dr ; 3. 175-1 per sec. ; 

4. 3 = .4 sm (27rt» sin (3iri//«) cos (y/lSnCt/a) ; 

5. z = A sin (mmla) sin (niryjb) cos npt, 

= Jn-Ti/«*+nTs/6*.] 
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LONGITUDINAL WAVES IN BARS AND SPRINGS 

§ 32. The vibrations which we have so far considered have 
all been transverse, so that the displacement has been 
perpendicular to the direction of wave propagation. We 
must now consider longitudinal waves, in which the 
displacement is in the same direction as the wave. Sup- 
pose that AB (fig. 11) is a bar of uniform section and 

A 


A 

p' Q' 

Fig. 11 



mass p per unit length. The passage of a longitudinal 
wave along the bar will be represented by the vibrations 
of each element aJLo’rvg the rod, instead of perpendicular 
to it. Consider a small element BQ of length Sx, such 
that AJP = X, and let us calculate the forces on this element, 
and hence its equation of motion, when it is dis- 
placed to a new position P'Q'. If the displacement of 
P to P' is then that of Q to Q' will be so that 

P'Q' = We must first evaluate the tension at 

P\ We can do this by imagianig Bx to shrink to zero. 
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Then the infinitesimally small element around P* will be 
in a state of tension T where, by Hooke’s Law, 


Tp' — A . 


extension 


= ALim 


orig length 

Sj; 


hx 



( 1 ) 


Returning to the element P'Q', we see that its mass is the 
same as that of PQ, i e. pSx, and its acceleration is — . 


Therefore 

/»8^-p = TQ-Tp. 




Sx, by(l). 


Thus the equation of motion for these longitudinal waves 
reduces to the usual equation of wave motion 


dx^ 


1 ^ 


where = A/p 


( 2 ) 


The velocity of waves along a rod is therefore \/(A/p), 
a result fdmil ar in form to the velocity of transverse 
oscillations of a string. 

The full solution of (2) is soon found if we know the 
boimdary conditions. 

(i) At a firee end the tension must vanish, and thus, 

from (1), — = 0, but the displacement will not, in general, 
ox 

vanish as well. 

(ii) At a fixed end the displacement f must vanish, 
but the tension will not, in general, vanish also. 
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§33. If we are interested in the free vibrations of a 
bar of length Z, we shall use stationary type solutions of 
(2) as in § 8, equation (27). Thus 

^ = {a cos sin cos {cp^-pe}. 


If we take the origin at one end, then by (i) c^ldx has to 
vanish at a; = 0 and x = L This means that 6 = 0, and 
sin pi = 0. i.e. pi = where n=l, 2, ... The free 
modes are therefore described by the functions 




niTX 

cos — ^ 


cos 


[niTCt . ) 


(3) 


This normal mode has frequency 7^c/2Z, so that the funda- 
mental frequency is c/2Z, and the harmonics are simply 
related to it. TWe are nodes in (3) at the points x = Z/2w, 

3Z/2ri, 5Z/2%, (2»— l)Z/2?i ; and there are antinodes (§ 6) 

at a; = 0, 2Z/2?i, 4Z/2% ... . Z. From (1) it follows that 
these positions are interchanged for the tension, nodes of 
motion being antinodes of tension and vice versa. We 
shall meet this phenomenon again in Chapter VI. 


§ 34. The case of a rod rigidly clamped at its two ends 
is similarly solved. The boundary conditions are now 
that 1 = 0 at X = 0, and at x==L The appropriate 
solution of (2) is thus 

. mrx fnircl ] 

^ == a„ am -y cos . . (4) 

This solution has the same form as that found in Chapter II, 
§ 19, for the transverse vibrations of a string. 


§35. We may introduce normal coordinates for these 
vibrations, just as in §§ 22 and 29. Taking, for 
example, the case of § 34, we shoidd write 


i = 2 


niTX 

»=i T' 
[vmdb 

= a.cos-l— +€, 


( 5 ) 


4' 


where 
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The kinetic energy of the element PQ is ^p8x . so 
that the total kiiv tv energ\' is 


Ipihlc = SipJ<l>„^ 


(6) 


The potential energy stored up in P'Q' is approximately 
equal to one-half of the tension multiphed by the increase 
1 

111 length : i.e. ^ ^ ^ Thus the total potential energy is 




(7) 


§ 36. The results of §§ 33, 34 for longitudinal vibrations 
of a bar need slight revision if the bar is mitially m a state 
of tension. We shall discuss the vibrations of a bar of 
natural length stretched to a length Z, so that its equili- 
brium tension Tq is 


To = A 


tiLo 

h 


( 8 ) 


Referring to fig. 11, we see that hx now represents the length 
of P'Q' when in the stretched, non-vibrating state. The 
completely unstretched length is therefore not 8x but 


'So:, so that the tension at P' is not given by (1), but 


bv the modified relation 


: A Liin 

Bx-^0 


Sx+Si-^-^Sx 


M 8i 


(9) 


The mass of PQ is j/Z)Sa: where refers to the unstretohed 

bar, so the equation of motion is 


/T * 
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We have again arrived at the standard equation of vrave 
motion 


dx“ 


1 ^ 
c- ct- 




iVi) 


It follows that c = {1'Iq)Cq, where Cq is the velocity under 
no permanent tension. Appropriate solutions of (10) are 
soon seen to be 


^ . nnx (riTTCt I , ^ 

f = a„sm— ccsf — + - , n=l,2 ... 


l i 


(11) 


The fundamental frequency is c/2Z, which, from (10), can 
be written Cq121q Thus with a given bar, the frequency is 
independent of the amount of stretching. 

The normal mode (11) has nodes where x = 0^ I n, 
2lln , . . . Z. A complete solution of (10) is obtained by 
superposition of separate solutions of type (11). 


§ 37. We shall conclude this chapter with a discussion 
of the vibrations of a spring suspended from its top end 
and carrying a load M at its bottom end. When we 
neglect the mass of the sprmg it is easy to show that 
the lower mass M (fig. 12) executes Simple Harmonic 
Motion in a vertical line. Let us, however, consider the 
possible vibrations when we allow for the mass m of the 
spring. Put m — pi, where p is the unstretched mass per 
unit length and I is the unstretched length. We may 
consider the spring in three stages. In stage (a) we have 
the unstretched spring of length Z. The element PP' of 
length Sa; is at a distance x from the top pomt A. In stage 
(6) we have the equilibrium position when the spring is 
stretched due to its own weight and the load at the bottom. 
The element PP' is now displaced to QQ'. P is displaced 
a distance X downwards and P' a distance X +SX. Lastly, 
in stage (c) we suppose that the spring is vibrating and 
the element QQ* is displaced to RR\ The displacements 
of Q and Q' from their equilibrium positions are ^ and . 
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The new length RR* is therefore Sa;+SZ+8f . The mass of 
the element is the same as the mass of PP\ viz pSa*, and 
is of course the same in all three stages. 

We are now in a position to determine the equation 
of motion of RR'. The forces actmg on it are its weight 


ABC 



(«) (6) (c) 

nnstrotched stretched stretched 

equilibrium vibratmg 


Fig- 12 


downwards and the two tensions at R and R\ The 
tension Tit ^lay be found from Hooke’s Law, by assuming 
that 8a; is made infinitesimally small. Then, as in § 36, 

j ^ extenaon 
*orig length 

{82;+8Z+8f)— Sa; 
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So the equation of motion of RR' is 


pZx 




resultant force downwarrls 


— 1 Tjj i 

= gpSx ^ 8a;. 

^ cx 


Dividing by p8x and using (12), this becomes 

ce-~^ ' p • sxy- 


This last equation must he satisfied by f = 0, since this is 
merely the position of equilibrium (6). So 


0 = g -i T-r • 

p dx^ 


By subtraction we discover once more the standard equation 
of wave motion 


dx^ ct- ^ ^ p m 


(13) 


This result is very similar to that of §36. However, 
before we can solve (13) we must discuss the boundary 
conditions. There are two of these. Firstly, when a; = 0, 
we must have ^ == 0 for all L Secondly, when a; = Z, 
(i.e. the position of the mass M) we must satisfy the law 
of motion 


Using (12), this becomes 
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As before, this equation must be satisfied by ^ = 0, since 
this is just the cquihlmum stage (6). Thus 



So, by subtraction we obtain the final form of the second 
boundary condition 



The appropriate solution of (13) is 

f = ami'px cos . . (15) 

This gives ^ = 0 when a; = 0, and therefore satisfies the 
first boundary condition. It also satisfies the other 
boundary conation (14) if 

pi tan pi = mlM. . . . (16) 

By plotting the curves y = tan Xy y = {mlM)lx, we see 
that there are solutions of (16) giving values of pi in the 
ranges 0 to 7r/2, tt to ^12, — The solutions become 
progressively nearer to titt as n increases 

We are generally interested in the fundamental, or 
lowest, frequency, since this represents the natural vibra- 
tions of M at the end of the spring. The harmonics 
represent standing waves in the spring itself, and may be 
excited by gently strokmg the spring downwards when in 
stage (5). If mJAl is small, the lowest root of (16) is 
small ; writing pi = z, we may expand tan z and get 
z(z-fz^/3+...) = w/Af. 

Approximately 

z2(l+z2/3)=m/Jf. 

We may put z® in the term in brackets equal to the first 
order approximation z® = w/Af, and then we find for the 
second order approximation 
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The period of the lowest frequency in (15) is 27rpc, ie., 
27rl!cz. Using the fact that c- = XI m, this becomes 




i^) 


If the mass of the spring m had been 


neglected we should have obtained the result 27r\/(ZJf /A). 
It thus appears that the effect of the mass of the spring 
is equivalent, in a close approximation, to adding a mass 
one-third as great to the bottom of the spring. 


§ 38. Examples 

(1) Find the velocity of longitudinal waves along a bar 
whose mass is 2-25 gms. per cm. and for wliich the modulus 
is 9*0 . 10'® dynes. 

(2) Two semi-infinite bars are joined to form an infinite 
rod. Their moduli are Xj^ and A 2 and the densities are 
and p 2 * Investigate the reflection coefficient (see § 16) and 
the phase change on reflection, when harmonic waves in the 
first medium meet the join of the bars. 

(3) Investigate the normal modes of a bar rigidly fastened 
at one end and free to move longitudinally at the other. 

(4) A uniform bar of length Z is hanging freely from on© 
end. Show that the frequencies of the norma] longitudinal 
vibrations are (n-fi) c/2Z, where c is the velocity of longi- 
tudinal waves in the bar. 

(5) The modulus of a spring is 7*2 . 10® dynes. Its mass 
IS 10 gms. and its unstretched length is 12 cms. A mass 
40 gms. is hanging on the lowest point, and the top point is 
fixed. Calculate to an accuracy of 1 per cent, the periods of 
the lowest two vibrations. 

(6) Investigate the vertical vibrations of a spring of tin- 
stretched length 2Z and mass 2»i, supported at its top end 
and carrying loads M at the mid-point and the bottom. 


[Answebs: 1. 2 km. per sec,; 2. R = 


3. i = A, ^ cos -L. \ ■ 


5. 1-690 secs.. 


I ™ L i ‘ ' 

0-252 secs. ; 6. Period = 27r/nc where — 3Z:cot/iZ+cot^nZ= 1, 
h = Mln/m,} 
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WAVES IN LIQUIDS* 

§39. In this chapter we shall discuss wave motion in 
liquids. We shall assume that the liquid is incompressible, 
with constant density p. This condition is very nearly 
satisfied by most liquids, and the case of a compressible 
fluid is dealt with in Chapter VI. We shall further assume 
that the motion is irrotational. This is equivalent to 
neglecting viscosity and assuming that all tlie motions 
have started from rest due to the influence of natural 
forces such as wmd, gravity, or pressure of certain bound- 
aries. If the motion is irrotational, we may assume 
the existence of a velocity potential ^ if we desire it. 
It will be convenient to summarise the formulae which 
we shall need in this work. 

(i) If the vector u f with components (u, v, w) J 
represents the velocity of any part of the fluid, then from 
the definition of ^ 

u = = -grad <}>, . . (1) 

SO that in particular u = -~8<l>ldZy p = 
w = -~8(f>l£z. 

(ii) Cta a fixed boundary the velocity has no normal 

* Before reading this chapter the student is advised to read 
Rutherford’s Vector Methods, Chapter VI, from which several 
results will be quoted. 

t Using Clarendon type for vectors. 

J Many wnters use for the velocily components. We 

shall find [u, w:) more convenient for our purposes. It is necessary, 
however, to distinguish u, which is a vector representing the velocity 
and u, which is just the x component of the velocity. 
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component, and hence if d dv denotes differentiation along 
the normal 

diiCv = 0 ( 2 ) 

(iii) Since no liquid will be supposed to be created or 
annihilated, the equation of continuity must express the 
conservation of mass ; it is 


V-u 


cu cv , cw 

I rf* • 

cx cy cz 


{3j 


Combining (1) and (3), we obtain Laplace’s equation 
^ , d^J> d-S c-4> 

(iv) If H(x, y, 2 , t) is any property of a particle of the 

dJff 

fluid, such as its velocitv, pressure or density, then — 

ct 

is the variation of JET at a particular point in space, and 
DS 

is the variation of H when we keep to the same particle 

DH 

of fluid, r— is known as the total differential coefficient, 
JLJt 

and it can be shown * that 


i.e. 


DH cH ^ „ 

^-■5- + ..vh 

DH dH ^ cH ^ dH ^ dH 
Dt dt^ dx^ dy^ dz 


(S) 


(v) If the external forces acting on unit mass of hqmd 
can be represented by a vector F, then the equation of 
motion of the liquid may be expressed in vector form 


Dt 


= F — 


1 

-VP- 

P 


* See Rutherford, § 66. 
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In Cartt*sian form this is 

cu cu cu cu „ I dp 

u- V- w— = £x — , 

ct cx c y cz p ox 


(6) 


with two similar equations for v and w. 

(vi) An important integral of the equations of motion 
can be found in cases where the external force F has a 
potential V, so that F = — yF. The integral in question 
is known as B tu »nlli's Equation : 


p ' 2 ct 


(7) 


where C is an arbitrary fonction of the time. Now 
according to (1), addition of a function of i to <56 does 
not affect the velocity distribution given hj(f>; it is often 

od) 

convenient, therefore, to absorb C into the term and 

ct 

(7) can then be written 

- — ^ u2 + F — ^ = const. . . (8) 

P ct 


A particular illustration of (8) which we shall require later 
occurs at the surface of water waves ; here the pressure 
must equal the atmospheric pressure and is hence constant. 
Thus at the surface of the waves (sometimes called the 
free surface) 

^ ^ Y = constant. . . (9) 


§40. We may divide the types of wave motion in 
liquids into two groups ; the one group has been called 
tidal waves,* and arises when the wavelength of the 
oscillations is much greater than the depth of the liquid. 
Another name for these waves is long waves in shallow 
water. Witli waves of this type the vertical acceleration 
* Lamb, Hydrodynamics, Chapter VIII. 
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of the liquid is neglected in comparison with the horizontal 
acceleration, and we shall be able to show that hquid 
origmally in a vertical plane remams in a vertical plane 
throughout the vibrations ; thus each plane of liquid 
moves as a whole. The second group may be called 
surface waves, and in these the disturbance does not 
extend far below the surface. The vertical acceleration 
is no longer negligible and the wavelength is much less 
than the depth of the liquid. To this group belong most 
wind waves and surface tension waves. We shall consider 
the two types separately, though it will be recognised that 
Tidal Waves represent an approximation and the results 
for these waves may often be obtained from the formulae 
of Surface Waves by introducing certain restrictions. 

TIBAIi WAVES 

§ 41 We shall deal with Tidal Waves first. Here we 
assume that the vertical accelerations may be neglected. 
One important result follows immediate^. If we draw 
the z axis vertically upwards (as we shall continue to do 
throughout this chapter), then the equation of motion in 
the z direction as given by (6), is 

Dw 1 8 p 

m "" ~^~pdz' 

Dw 

We are to neglect — and thus 

jjt 

dp 

^ = —9Py 1 -e. p == —gpz + constant. 

Let us take our xy plane in the undisturbed free surface, 
and write ^{x, y, t) for the elevation of the water above 
the point (a:, y, 0). Then, if the atmospheric pressure is 
Po, we must have p = Po when z = ^ So the equation 
for the pressure becomes 

p = Pn+gpil-z)- . . . ( 10 ) 
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We can put this value of p into the two equations of 
horizontal motion, and we obtain 


^ ^ 
'm~~ ^ dx’ ^ dy 


( 11 ) 


The right-hand sides of these equations are independent 
of z, and we deduce therefore that in this type of motion 
the horizontal acceleration is the same at all depths. 
Consequently, as we stated earlier without proof, on still 
water the velocity does not vary with the depth, and 
the liquid moves as a whole, in such a way that particles 
originally m a vertical plane, remain so, although this 
vertical plane may move as a whole. 


§ 42. Let us now apply the results of the last section 
to discuss tidal waves along a straight horizontal channel 
whose depth is constant, but whose cross-section A varies 



from place to place. We shaU suppose that the waves 
move m the x direction only (extension to two dimensions 
will come later). Consider the liquid in a small volume 
(fig. 13) boimded by the vertical planes a:, x+dx at P 
and Q. The liquid in the vertical plane through P is aU 
moving with the same horizontal velocity u[x) independent 
of the depth. We can suppose that A varies suJficiently 
slowly for us to neglect motion m the y direction. We 
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have two equations with which to obtain the details of 
the motion. The first is (11) and may be written 

ru , cu cv cZ 

VT = —^7—. 


Since u is independent of z, — = 0. Further, since we 

C/Z 

shall suppose that the velority of any element of fluid 
is small, we may neglect u ^ which is of the second order, 

C/X 


and rewrite this equation 


du _ ^ 

ct ^ dz 


( 12 ) 


The second equation is the equation of continuity. Equa- 
tion (3) is not convenient for this problem, but a suitable 
equation can be found by considering the volume of hquid 
between the planes at P and Q, in fig. 13. Let h{x) be the 
breadth of the water surface at P. Then the area of the 
plane P which is covered with water is [*4+6flp ; therefore 
the amount of liquid flowing into the volume per unit 
time is {{A+b^)u\p. Similarly, the amount flowing out 
per unit time at Q is \.{A-\-hl^)iC\Q. The difference between 
these is compensated by the rate at which the level ia 
rising inside the volume, and thus 

[(^+ 6 C)«]p-[(^+ 60 «]c = 

Therefore 


Since ht,u is of the second order of small quantities, we may 
neglect this term and the equation of continuity becomes 






( 13 ) 
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EKminating u between (12j and (13) gives us the equation 


b 


cf- 



. (14) 


In the case in which A is constant, this reduces to the 
standard form 




= Agih 


(15) 


This is the familiar equation of wave motion in one 
dimension, and we deduce that waves travel with velocity 
y/{Agjh) . If the cross-section of the channel is rectangular, 
so that A = bh,h being the depth, 

c = -s/(gh) .... (16) 

With an unlimited channel, there are no boundary 
conditions involving a;, and to our degree of approximation 
waves with any profile will travel in either direction. 
With a limited channel, there will be boundary conditions. 
Thus, if the ends are vertical, = 0 at each of them. 

We may apply this to a rectangular basin of length I, 
whose two ends are at a: = 0, L Possible solutions of (15) 
are given in § 8, equation (27). They are 

J = (a cos px+p sin px) cos (cpt+e). 

Then, using (13) and also the fact that A = bh, we find 
du cp 

~ (a cospx+p smpa;) sin {cpt+e). 


. • . ^ (a sin pX’-P cos px) sin (cpi-fc). 

The boundary conditions = 0 at a: = 0, Z, imply that 
— 0 , and sin pi = 0 . So 



( 18 ) 
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It will be noticed that nodes of n and I do not occur at 
the same points. 

The vertical velocity may be found from the general 
form of the equation of continuity (3). Applied to our 
case, this is 

du dw 

“7 — r ~ = 0. 

cx cz 


Now u is independent of z and w = 0 on the bottom of 
the liquid where z = —h. Consequently, on integrating 


, du rwx , fnrct 

-(*+A)^= -^(^+A)cos — 


Ih 


-re,}. (19) 


We may use this last equation to deduce under what 
conditions our original assumption that the vertical 
acceleration could be neglected, is valid. For similarly to 

(12), the vertical acceleration h effectively i.e. 

jL/t 


cV 


- (z -hfe) cos — cos 



The maximum value of this is TTWa^/^-, and may be com- 
pared with the maximum horizontal acceleration irrc^ajlh. 
The ratio of the two is rnhll, ie. 2fTrhlX, since, from (17) 
A = 2Z/r. We have therefore confirmed the condition 
which we stated as typical of these long waves, viz. that 
the vertical acceleration may be neglected if the wavelength 
is much greater than the depth of water. 


§ 43. We shall now remove the restriction imposed in 
the last section to waves in one dimension. Let us use 
the same axes as before and consider the rate of flow of 
liquid into a vertical prism bounded by the planes 
X, x+dx, y, y+dy. In fig. 14, ABGD is the undisturbed 
surface, EFGH is the bottom of the liquid, and PQES is 
the moving surface at height ^ (x, y) above ABCD, The 
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rate of flow into the prism across the face PEHS is 
[v(h-^l^)dy]x, and the rate of flow out across BQFG is 
[u{h-\-^)di/]x^a?;- net result from those two jilaiios is 



Fig. 14 


a gain — ^{u(h+Qi}dxdy. Similarly, from the other two 

vertical planes there is a gain — ~ {v(h+Q}docdy, The 

total gain is balanced by the rising of the level inside the 
prism, and thus 


- ^{«(&+D}<£r% - ~{v{h+l)}dxdy ■■ 




.dxdy. 


As in § 42, we may neglect terms such as ul^ and and 
write the above equation of continuity 

d(hu) d(hv) __ dl^ 
dx ^ cy ct * 


( 20 ) 
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We have to combine this equation with the two equations 
of motion (11), which yield, after neglecting square terms 
in the velocities 


cu dX^ Bv 

ct ^ Bx ^ Bt ^ By 


( 21 ) 


Eliminating u and v gives us the standard equation 

+ , . , 22 , 

8x \8xj ay \ cy] g U- 


If A is constant (tank of constant depth) this becomes 


8x^ cy'- 


p-^.^ = gT>’ 

C €1“ 


(23) 


This is the usual equation of wave motion in two dimensions 
and shows that the velocity is \/(gh)- If we axe concerned 
with waves in one dimension, so that ^ is independent of 
cK 

y (as in § ^) we put — == 0 and retrieve (15). 
cy- 

We have therefore to solve the equation of wave 
motion subject to the boundary conditions 

(i) = 0 at 2 = — 

(ii) — = 0 at a boundary parallel to the y axis, and 

OX 

— = 0 at a boundary parallel to the x axis, 

(iii) ^ = 0 at any fixed boundary, where ^ denotes 

ov " ov 

dijfferentiation along the normal to the boundary. This 
latter condition, of which (ii) is a particular case, can be 
seen as follows. If Ix+my = 1 is the fixed boundary, 
then the component of the velocity perpendicular to this 
line has to vanish. That is, Zit +?w v = 0. By differentiating 
partially with respect to t and using (21), the condition (lii) 
is obtained. 
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§ 44. We shall apply these formulse to two cases ; first, 
a rectangular tank, and, second, a circular one, both of 
constant depth. 

RedariguUir tank — Let the sides be a; = 0, a and y = 0,h. 
Then a suitable solution of (23) satisfying ail the boundary 
conditions (i) and (ii) would be 

V A jJTTJc 

I = A cos cos cos (rTTCi+e), . (24) 

where p = 0, 1, 2 ... , g = 0, 1, 2, ... , and = p^la^-\-q^lb^. 

This solution closely resembles that fora vibrating membrane 
in Chapter HI, § 28, and the nodal lines are of the same 
general type. The student will recognise how closely the 
solution (24) resembles a “ choppy sea.” 

Circular tank. — If the centre of the tank is origin and 
its radius is a, then the boundary condition (iii) reduces to 

~ = 0 at r = a. Suitable solutions of (23) m polar 

coordinates have been given in Chapter I, equation (35a). 
We have 

I — A oosmO Jmi^r) cos (cwi+c) . (25) 

We have rejected the solution since it is infinite at 
r = 0, and we have chosen the zero of 0 so that there is 
no term in sin md. This expression satisfies all the condi- 
tions except the boundary condition (iii) at r = a. This 
requires that = 0. For a given value of m (which 

must be integral) this condition determines an infinite 
number of values of n, whose magnitudes may be found 
from tables of Bessel Functions. The nodal lines are 
concentric circles and radii firom the origin, very 
to those m fig. 10 for a vibrating membrane. The period 
of this motion is ^^cn. 

§45 It IS possible to determine the actual paths of 
individual particles in many of these problems. Thus, 
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referring to the rectangular tank of §42, the velocities 
u and w are given by (18) and (19). We see that 

w -‘irrlz-^-h) . r^rx 

- = z cot — . 

u I I 

This quantity is independent of the time and thus any 
particle of the liquid executes simple harmonic motion 
along a line whose slope is given by the above value of 
wju. For particles at a fixed depth, this direction changes 
firom purely horizontal beneath the nodes to purely vertical 
beneath the antinodes. 

§ 46. We shall conclude our discussion of tidal waves 
by applying the method of reduction to a steady wave, 
already described in § 25, to the case of waves in a channel 
of constant cross-section A and breadth of water-line 6. 
This is the problem of § 42 with A constant. Let c be the 
velodiy of propagation of a wave profile. Then super- 
impose a velocity —c on the whole system, so that the 
wave profile becomes stationary and the liquid flows under 
it with mean velocity c. The actual velocity at any point 
will differ from c siuce the cross-sectional area of the liquid 
is not constant. This area is A+b^, and varies with 
Let the velocity be c+fl at sections where the elevation 
is J. Since no liquid is pfling up, the volume of liquid 
crossing any plane perpendicular to the direction of flow 
is constant, i e. 

{A-\-b^){c+6) = constant = Ac. . (26) 

We have stiU to use the fact that the pressure at the free 
surface is always atmospheric. In BemouiUi’s equation 
at the free surface (9) we may put d^jdt ~ 0 since the 
motion is now steady motion ; also F = grj at the free 
surface. So, neglecting squares of the vertical velocity, 
this gives 


= const. = 
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Eluoinating 6 between this equation and (26), we have 


i.e. 


(A+bif 


2gl = c*. 


2gt = c» 




_i!_l - t^r rH±« 1 
(^+6o«f “‘Lm+wJ 


Whence 

, _ 2gr(4+5?)* 

b 2A+bl^ 


(27) 


If Z| is small, so that we may neglect ^ compaxed with Ajb, 
then this equation gives the same result as (16), viz, 
c- = gAjh. We can, however, deduce more than this 
simple result. For if ?>0, the right-hand side of (27) is 
greater than gAjb, and if ^<0, it is less than gAjb. Thus 
an elevation travels shghtly faster than a depression and 
so it is impossible for a long wave to be propagated 
without change of shape. Further, since the tops of waves 
travel faster than the troughs, we have an explanation of 
why waves break on the sea-shore when they reach shallow 
water. 


SUBFACB WAVES 

§47. We now consider Surface Waves, in which the 
restriction is removed that the wavelength is much greater 
than the depth. In these waves the disturbance is only 
appreciable over a finite depth of the liquid. We shall 
solve this problem by means of the velocity potential (f>. 
<l> must satisfy Laplace’s equation (4) and at any fixed 
boundary d^jdv = 0, by (2). There are, however, two 
other conditions imposed on <f) at the free surface. The 
first arises from B'^moulli’s equation (9). If the velocity 
is so small that may be neglected, and if the only 
external forces are the external pressure and gravity, we 
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may put == 0 and F = in this equation, which 
becomes 





free surface 


• (28) 


The second condition can be seen as follows. A particle 
of fluid origmally on the free surface will remain so always. 
Now the equation of the free surface, where z = ^(a;, t) 
may be written 

0 =/(a:. y, 2. 0 = Vy 0—2- 

Consequently, / is a function which is always zero Jor a 
particle on the free surface. We may therefore use (5) 
with H put equal to /, and we find 


0 


Dt 


et tx 



— w. 


Now from (28) — = -^|;:^|= — on the surface. 

^ ’ dx g H \dx) g dt 


Thus — is a small quantity of order of magnitude not 
ox 


greater than u ; consequently and being of 


order of magnitude not greater than u^y may be neglected. 
We are left with the new boundary condition 


et 


W = 


3z 


(29) 


CombiDing (28) and (29) we obtain an alternative relation 


3 ^ 

3t^ 


+J?^ = 0 

3z 


(30) 


We summarise the conditions satisfied by ^ as follows : 

(i) Laplace’s equation = 0 in the liquid . (4) 

(ii) 3<f>l3v = 0 on a fixed boundary ... (2) 
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(Hi) 

r = 1 on the free surface 

^ g et 

. (28) 

(iv) 

~ = — — on the free surface . 
ct cz 

, (29) 

(V) 

d<h ^ ^ 

+g-^ = 0 on the free surface . 
oz 

• (30) 


Only two of the last three conditions are independent. 

§48. Let us apply these equations to the case of a 
liquid of depth ^ in an infinitely long rectangular tank, 
supposing that the motion takes place along the length 
of the tank, which we take as the x direction. The axes 
of X and y lie, as usual, in the undisturbed free surface. 
Condition (i) above gives an equation which may be 
solved by the method of separation of variables (see § 7), 
and if we want our solution to represent a progressive 
wave with velocity c, a suitable form of the solution would 
be 

<f> == cos m{pii—ct). 

A, m and c are to be determined from the other condi- 
tions (ii)-(v). At the bottom of the tank (ii) gives 0^/dz=O, 
i.e. Ae^—Be^ = 0. So Aer^ = Be”^ = JO, say, and 
hence 

cosh m{Z'\-h) cos m{x~ct), . (31) 

Condition (v) applies at the free surface where, if the 
disturbance is not too large, we may put 2 = 0; after 
some reduction it becomes 

c® = (gf/m) tanh rrik. 

Since m = 2'2r/A, where A is the wavelength, we can write 
this 
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Condition (iii) gives us the appropriate form of ^ ; it is 

5 cosh mh sin m{x—ct). 

9 

This expression becomes more convenient if we write a 
for the amplitude of ^ ; i e., a = cosh mh. Then 


5 = a sin m(x—ci). 




ga cosh 


me 


cos mix—ct). 


(33) 

(34) 


cosh^TiA 

If the water is very deep so that tanh (27rA/A) = 1, then 
(32) becomes = gX/27T, and if it is very shallow so 
that tanh (27rhlX) = 27r^/A, we retrieve the formula of § 42 
for long waves in shallow water, viz. = gh. 

We have seen in Chapter I that stationary waves result 
from superposition of two opposite progressive harmonic 
waves. Thus we could have stationary waves analogous 
to (33) and (34) defined by 

5 = a sin 7nx cos met, .... (35) 


6 = ^ 
^ me 


ga coshm(z-^^) 


coshwi^ 


sin Tnx sin met. 


(36) 


We could use these last two equations to discuss stationary 
waves in a rectangular tank of finite length. 


§ 49. We shall now discuss surface waves in two dimen- 
sions, considering two cases in particular. 

Eectangviar tanh . — With a rectangular tank bounded 
by the planes x = 0, a and = 0, 6, it is easily verified 
that all the conditions of § 47 are satisfied by 


t 


pnx qjTif 

= A cos cos cos ret , 

a 0 


gA cosh>( 2 -f^) 
rc cosh ih 


piTX gity . 

cos — cos bm rci , 
a h 
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where 


= 1, 2, ; g = 1, 2, .... ; = 7T^(p^la^+q^lb^) and 

c2 == (gr/r) tanh rh. ... (37) 


Circular tanh . — Suppose that the tank is of radius a 
and depth h. Then choosing the centre as origin and 
using cylindrical polar coordinates r, 0, z, Laplace’s equation 
(cf. Chapter I, § 7) becomes 


dr’^'^ r dr ‘ dz^ 


(38) 


A suitable solution can be found from Chapter I, equation 
(35a), which gives us a solution of the similar equation 


0 


in the form 



cos cos 

net. 


sm 


In this equation let us make a change of variable, writing 
ct = iz, where = __i. We then get Laplace’s equation 
(38) and its solutions are therefore 


. tf*. cos ^ cosh 

^ = jr (Tir) ^ gjijj nz , m = 0 , 1 . 2 , ... . 


In our problem we must discard the 7 solution as 7Jir) 
is infinite when r = 0. So, choosing our zero of 0 suitably, 
we can write 

<f> = cos mS (A cosh nz+B sinh nz). 

At the bottom of the tank condition (ii) gives, as in § 48, 
A sinh nh = B cosh nh, so that 

= C Jm{nr) cos md cosh w(z+A). 

The constants m and n are not independent, since we 
have to satisfy the boundary condition at r a. This 
gives JJ(na) = 0 , so that for any selected m, n is restricted 
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to hare one of a certain set of values, determined from 
the roots of the above equation. The function C above 
will involve the time, and in fact if we are interested in 
waves whose frequency is /, we shall try G oc sin 27rft. 
Puttmg C = Z> sin 27rfi, where D is now a constant 
independent of r, 6, z or t, we have 

^ = BJJljfir) cos md cosh n{z-\-h) sin 277 ft. (39) 

The boimdary condition § 47 (iii) now enables us to iSnd £ ; 
it IS 

^ cos md cosh tJi cos 27tfl . (40) 

g 

The remaining boundary condition §47 (iv) gives us the 
peiiod equation ; it is 

—477^“ ^ cos md cosh nh sin 277 ft 

+gnD JJinr) cos md sinh nh sin 27rft — 0. 
i e. = gn tanh nh. . . . (41) 

For waves with a selected value of m (which must be 
integral) n is found and hence, jfrom (41) jf is found. We 
conclude that only certain frequencies are allowed. Apart 
from an arbitrary multiplying constant, the nature of the 
waves is now completely determined. 


§ 50, In § 48 we discussed the progressive wave motion 
in an infinite straight channel. It is possible to determine 
from (34) the actual paths of the particles of fluid in this 
motion. For if X, denote the displacements of a particle 
whose mean position is (a;, z) we have 


X= - 


dx 


ga coshm(«+ft) 
e cosh mh 




- 


8 ^ 

dz 


ga sinh m{z+h) 
c cosh mh 


GO 8 m[x—ct). 
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in which we have neglected terms of the second order of 
small quantities. Thus 


X = 
Z = 


ga cosh 
mc^ cosh mJb 
ga sinh miz-rh) 
mcr cosh mh 


cos m(x — ct). 


Eliminating we find for the required path 

1 ( 43 ) 

cosh2m(:34-i^) sinh“m{c+^) m-c^cosh^m^ ' ^ 

These paths are elhpses in a vertical plane with a constant 
distance {2galmc^) sech mh between their foci. A similar 
discussion could be given for the other types of wave 
motion which we have solved in other paragraphs. 


§ 51. The Kinetic and Potential energies of these waves 
are easily determmed. Thus, if we measure the P.E. 
relative to the imdisturbed state, then, since ^(a;, y) is the 
elevation, the mass of liquid standmg above a base dA 
in the xy plane is dA, Its centre of mass is at a height 
If, and thus the total P.E. is 

jigp^dA, .... (43) 

the integral being taken over the undisturbed area of 
surface. Likewise the K.E. of a small element is | pu® dr, 
dr being the element of volume of the liquid, so that the 
total K.E. is 

2’=Jipu=WT, ... (44) 

the integral being taken over the whole liquid, which may, 
within our approximation, be taken to be the undisturbed 
volume. 

With the progressive waves of § 48, f and ^ are given 
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by (33) and (34), and a simple integration shows that the 
K.E. and P.E. in one wavelength (2^r,m) are equal, and 
per unit width of stream, have the value 

igpa-A (45) 

In evaluating (44) it is often convenient to use Green’s 
Theorem in the form * 

The latter int^ral is taken over the surface 8 which 
bounds the original volume, and djdv represents differen- 
tiation along the outward normal to this volume. Since 
8<f>ldv = 0 on a fixed boundary, some of the contributions 
to T will generally vanish. Also, on the free surface, if 
^ is small, we may put d(^‘cz instead of d<f>, tv, 

§ 52. We shall next calculate the rate at which energy 
is transmitted in one of these surface waves. We can 



illustrate the method by considering the problem discussed 
in §48, i.e. progressive waves in a rectangular tank of 
depth h. Let AA' (fig- 15) be an imaginary plane fixed 
in the liquid perpendicular to the direction of wave 
* See Rutherford, Chapter VI, p. 66 (ii). 
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propagation. We shall calculate the rate at which the 
hquid on the left of A A' is doing work upon the liquid on 
the right. This will repies ‘nt the rate at which the energy 
is being transmitted. Suppose that the tank is of unit 
width and consider that part of AA' which h’es between 
the two lines z, z+dz (shown as PQ in the figure). At 
all points of this area the pressure is p, and tJie velocity 
is u. The rate at which work l^ being clone is therefore 

eo 

pitdz. Thus the total rate is | pridz. We use Etmoulh’s 

J -h 

equation (8) to give us p ; since may be neglected, 
and = ffz, therefore 

. 

P = -9P^- 


Now, according to (1) = —d^jdx and from (34), 


ga coshm(z+A) 
me eoshwz^ 


cosm(a;— ci). 


Putting these various values in the required integral we 
obtain 


sin in(a: 


-r-5 


coshm(z+^) 

coshwA 


{Po-gp^)dz 


+ sin- m{x—ct) 


r® pg^a^ cosh^ m{z+h) 

J c Qo^^mh 


dz. 


This expression fluctuates with the time, and we are 
concerned with its mean value. The mean value of 
sm m{x--ct) is zero, and of sin® m{x—ct) is Thus the 
mean rate at which work is being done is 

pgSa® ro 

— — sech® mh I cosh® m(z + A)dz. 

J -A 

After some reduction this becomes 


igpa^c (1 + 2mh cosech 2mh), 
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In terms of the wavelength A = 27r m, this is 

1 „ f 477A 4 «A| 

- gp'i-c - 1 ^ ros.-eli — - . 

4 I A A J 


. 1 46 ; 


Now from (45) we see that the total energy with a stream 
of unit width is per umt length Thus the velocity 

of energy flow is 


c 

2 


- , 
1 + cost‘ch 
A 


4-A| 

T) 


147) 


We shall see in a later chapter that this velocity is an 
important quantity known as the Group Velocity. 


§53. In the preceding paragraphs we have assumed 
that surface tension could be neglected. However, with 
short waves this is not satisfactory and we must now 
investigate the effect of allowing for it. When we say 
that the smiace tension is T. we mean that if a Ime of 
umt length is drawn in the surface of the liquid, then 
the liquid on one side of this line exerts a pull on the 
liquid on the other side, of magnitude T. Thus the effect 
of Surface Tension is similar to that of a membrane 
everywhere stretched to a tension T (as in Chapter III, 
§ 27), placed on the surface of the liquid. We showed in 
Chapter III that when the membrane was bent there was 
a downward force per unit area approximately equal to 

— ^ ^ pressure jtist inside 

the liquid does not equal the atmospheric pressure 
but rather 


Pi = i’o-T 


\ 8 j ^ aysj 


(48) 


The reader who is familiar with hydrostatics will 
recognise that the excess pressure inside a stretched film 
(as in a soap bubble) is T(l/i 2 i+l/jR 2 )> "w^here i?i and i ?2 
are the radii of curvature in any pair of perpendicular 
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plmes throiigli the normal to the surface. We may put 
= and R^— —c-lldy^ to the first order of 

small qiiantifie*; and then (4S) follow*? iniinedidteiy. 



Thus, instead of being p = j>q at the free surface of 

. 


the liquid, the correct condition is that ^ 




is constant and equal to Pq We may combine this with 
Bernoulli’s equation (9), in which we neglect and put 
y = gz. Then the new boundary condition which replaces 
§47(iii)is 


a-,j+i|p+m_o 

dt p [dx^ cy-j 


We still have the boundary condition § 47 (iv) holding, 
since this is not affected by any sudden change in pressure 
at the surface. By combining (29) and (49) we find the 
new condition that replaces § 47 (v). It is 
dU . 86 7 ( 3^ 8^] 86 

~ * 

We may collect these formulsB together ; thus, with surface 
tension 

(i) == 0 in the body of the liquid . . (4) 

(ii) 8^ldv = 0 on all fixed boundaries . . (2) 

(iii) ^-9l + + y } = 0 0“ free 

(iv) d^fdt = —8<j)l8z on the free surface . . (29) 


, , 8H ^ 86 T(d^ 8^} 86 

a- & p\ox- surface . (50) 

Only two of the last three equations are independent. 


8x^ 8y^] 
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§54 Wav^s of the kind in which siirfarp toiwion is 
important are known as capillary waves. We ^hall 
discuss one case which \nll conditions 

Let us consider progressive type wave^. on an unlimited 
sheet of water of depth h, assinning that the motion takes 
place exclusively in the direction of x. Then, by analogy 
with (31) we shall try 

(f) = C cosh C05 7n{x—ct), . . (51) 

This satisfies (i) and (u) (iv) gives the form of which is 

^ = (C^c) smhmh smm{x--ct). . . (52) 

We have only one more condition to satisfy ; if we choose 
(v) this gives 

—ni-cHJ cosh mJb cos mix — ct)-\-7nCg sinh mli cos mix—ct) 

-j- - r/i^O sinh mh cos m{x~ct) = 0, 

P 

i.©. == taiihmh. . . . (53) 


This equation is really the modified version of (32) when 
allowance is made for the surface tension ; if T = 0, it 
reduces to (32). 

When h is large, tanh mh = 1, and if we write m = 2ct/ A, 
we have 


_ ^A , 27rT 
2m- ‘ A/> 


(54) 


The curve of c against A is shown in fig. 17, from which 
it can be seen that there is a minimum velocity which 
occurs when A® = 4m^!gp. Waves shorter than this, in 
which surface tension is dominant, are called ripples, and 
it is seen that for any velocity greater than the Tninimum 
there are two possible types of progiessive wave, one of 
which is a ripple. The minimum velocity is (4gT/p)^ 
and if, as in water, T = 75, p = 1-00 and g = 981 cg.s. 
units, this critical velocity is about 23 cms. per sec., and 
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the critical wavelengtii is about 17 cnis. Curves of c against 
A f^r othf'r valu^^s of the depth h are very simiiar to fig 17 



Fig. 17 


» \ 


§ 55 Examples 

(1) Find the Potential and Kinetic energies for tidal 
waves in a tank of length I, using the notation of § 42. 

(2) Find the velocity of any particle of liquid in the 
problem of tidal waves in a circular tank of radius a (§ 44). 
Show that when m = 0 in (25), particles originally on a vertical 
cylmder of radius r coaxial with the tank, remain on a coaxial 
cylinder whose radius fluctuates ; find an expression for the 
amplitude of oscillation of this radius in terms of r. 

(3) Tidal waves are occurring in a square tank of depth h 
and side a. Find the normal modes, and calculate the Kinetic 
and Potential energies for each of them. Show that when 
more than one such mode is present, the total energy is just 
the sum of the separate energies of each normal mode. 

(4) What are the paths of the particles of the fluid in the 
preceding question ? 

(5) A channel of unit width is of depth k, where h — kx, 

k being a constant. Show that tidal waves are possible with 
frequency for which 

f cos pt. 
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where a* = 4:p“jkg, and Jq isj Besr^el's function of order zeio. 
It is known that the dibtance between succesbive zeros of 
Jq{x) tends to tt when x is large. Hence show that the wave- 
length of these stationary’' waves increases with increasing 
values of x (This is the problem of a shelving beach ) 

(6) At the end of a shallow tank, we have a: = 0, and the 

depth of water A is A = ALsO the breadth of the tank 

6 is given by 6 = boX*. Show that tidal waves of frequency 
pl27r are possible, for which 

^ = Ax^JJiraf) cos pt, 

where 

s = l—niy a® = r == ajs, 2u — l—2m—ti and q = j vjs j. 

Use the fact that J^{x) satisfies the equation 
d^J I dJ m^\ ^ ^ 

dj? ' xdx ■ ( ar^) ~ ■ 

(7) Prove directly from the conditions (i)-(v) in § 47 
without using the results of § 48 that the velocity of bui'face 
waves in a rectangular channel of infinite depth is \ (firA/2ff). 

(8) Find the paths of particles of fluid in the case of surface 
waves on an infinitely deep circular tank of radius a. 

(9) A tank of depth A is in the form of a sector of a circle 
of radius a and angle 72®. What are the allowed normal modes 
for surface waves ? 

(10) If Xy Yy Z denotes the displacement of a particle of 
fluid from its mean position a;, z in a rectangular tank of 
sides a and h when surface waves given by equation (37) are 
occurring, prove that the path of the particle is the straight line 

— cot — X = — cot^ Y = -corhr(3+A)X. 
pTT a q-tr 0 T 

(11) Show that in surface waves on a cylmdrical tank of 
radius a and depth h, the energies given by the normal modes 
(39) are 

2‘n^D-pp r® 

y — L co'^h-Tih cos-2-nft | r dr, and 

^ Jo 

1 

T ^ - nirpD^ bin®277/’/ cosh nh sinli nh | Jm(nr) r dr. 

^ Jo 
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L\e t.lip fact that the total energy muat be independent of the 
time to deduce from this that the period equation is 
— gn tanh nh. 

(12) Show that when we use cylindrical polar coordmates 
to describe the capillary waves of § 53, the pressure condition 
at the free surface § 53 (lii) is 

Cl p \cr^ rdr i-cfFj 

Use this result to show that waves of this nature on a 
circular basin of infinite depth are described by 
<j> ~ C cos mO cos 2Trft, 

^ == cos md Sm 27rfty 

where J^'{na) = 0 and 4:7rJ^ = gn-\-Tn^lp. 

(13) Show that capillary waves on a rectangular basin of 
sides a, b and depth h are given by 

, - cosh r{z-{-h) m^rx uttu ^ , 

6 = A — — — ; — cos cos cos Zwff, 

sinh th ah 

^ tA imtx fiiry „ , 

4 = — — cos cos sm 27rft^ 

2'irj a b 

where m = 0, 1, 2, ; n = 0, 1, 2 ... ; = 77 ®(w^/o 2 +n®/6*), 

and the period equation is 

477^® == {gr+Tt^lp) tanh rh. 

Verify, that when w == 0, this is equivalent to the result of 
§ 54, equation (53). 


[Axswebs: 

(1) i jpZrtr* eos* i gp^dr^ sin.® + e,j ; 

( 2 ) radial vcl. is — (gjl/f) cos md Jm(w) sin (cni + e), trans- 
verse velocity is {gAmjcm) sin mB Jn{nr) sin {cnt + e), 
igA'^c) Jt[nr) ; (3) =-d cos {p-nxja) cos {q-iryla) cos (r-irctja), 

r®=P* + g*; K.E. = i gpA^* sin* {rTictJa), =i gpA^a? 

cos* (rnci/a) ; (4) ^ = - tan cot — ; ( 8 ) X: Y -.Z = 
1 g a a 

nrJJ(nr):—mJj[nr)tsameinrJJnr); (9) Same as in 
eqns. (39)-(41) except that m = 5Jcj2, where & = 0, 1, 2 ] 
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SOUND WAVES 

§56. Througliout CSiapter V we assumed that the liquid 
was incompressible. An important class of problems is 
that of waves in a compressible fluid, such as a gas. In 
this chapter we shall discuss such waves, of which sound 
waves are particular examples. The passage of a sound 
wave through a gas is accompanied by oscillatory motion 
of particles of the gas in the direction of wave propagation. 
These waves are therefore longitudinal. Since the density 
p is not constant, but varies with the pressure p, we require 
to know the relation between p and p. If the compressions 
and rarefactions that compose the wave succeed each other 
so slowly that the temperature remains constant (an 
isothermal change) this relation is p = hp. But normally 
this is not the case and no flow of heat, which would be 
needed to preserve the temperature constant, is possible ; 
in such cases {adiabatic changes) 

p = fep^, (1) 

where h and y are constants depending on the particular 
gas used. We shall use (1) when it is required, rather 
than the isothermal relation. 

§57. There are several problems in the propagation 
of sound waves that can be solved without using the 
apparatus of velocity potential ff> in the form in which 
we used it in Chapter V, §§ 47-54 ; we shall therefore 
discuss some of these before giving the general development 
of the subject. 
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Our first problem is that of waves along a uniform 
btraiglit tube, or pipe, and we shall be able to solve this 
problem m a manner closely akin to that of Chapter IV, 
§ 32, where we discussed the longitudinal vibrations of a 
rod We can suppose that the motion of the gas particles 
IS entirely in the direction of the tube, and that the velocity 
and displacement are the same for all points of the same 
cross-section. 

Suppose for convenience that the tube is of unit cross- 
sectional area, and let us consider the motion of that 
part of the gas originally confined between parallel planes 
at P and Q a distance dx apart (fig. 18). The plane P 

p Q 



Fig. 18 


is distant x from some fixed origm in the tube. During 
the vibration let PQ move to P'Q\ in which P is displaced 
a distance f from its mean position, and Q a distance 
i+di. The length P'Q' is therefore dx+d^. We shall 
find the equation of motion of the gas at P'Q'. For this 
purpose we shall require to know its mass and the 
pressure at its two ends. Its mass is the same as the 
mass of the undisturbed element PQ, v*z. p^x, where 
is the normal average density. To get the pressure at P' 
we imagine the element dx to shrink to zero ; this gives 
the local density p, from which, by (1), we calculate the 
pressure. We have 

P p^i{dx+d^ = 


( 2 ) 
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if we may neglect powers of c^,dx lugher than tiie iii-bt. 
The quantity (p— Po)/po often occur in this chapter ; 

it is called the condensation s. Thus 


s = —ci cx, p = po(l+s). . . (3) 


The net force actmg on the element P'Q' is p^—p , and 
hence the equation of motion is ^ 




dx 


i.e. 


oH _ 


dx 


( 4 ) 


We may rewrite (4) in the form 


Po 


fl 


dp cp dp 

dp ox dp ox“ 


from (2). 


It appears then that ^ satisfies the familiar equation of 
wave motion 


cx^ 


C2 Ct^ ’ 


c2 = dp, dp 


(5) 


This equation shows that waves of any shape will be 
transmitted in either direction with velocity ^/(dpidp). 
In the case of ordinary air at 0® C., using (1) as the relation 
between p and p, we find that the velocity is c == 332 
metres per sec., which agrees with experiment. Newton, 
who made this calculation originally, took the isothermal 
relation between p and p and, naturally, obtained an 
incorrect value for the velocity of sound. 

A more accurate calculation of the equation of motion 
can be made, in which powers of d^jdx are not neglected, 
as follows. From (2) we have the accurate result 
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So, now using (4) m which no approximations have been 


made. 



^ po {i+e^My+^dx- 


Equation (5) is found from (6) by neglecting d^/dx compared 
with unity. A complete solution of (6) is, however, beyond 
the scope of this book. It is easy to see that, since (6) 
is not in the standard form of a wave equation, the velocity 


of transmission depends upon the frequency, and hence 
that a wave is not, in general, transmitted without change 


of shape. 


§68. We must now discuss the boundary conditions. 
With an infinite tube, of course, there are no such condi- 
tions, but with a tube rigidly closed at a; = Xq, we must 
have ^ = 0 x = Xq, since at a fixed boundary the gas 
particles cannot move. 

Another common type of boundary condition occurs 
when a tube has one or more ends open to the atmosphere. 
If we suppose that the waves inside the tube do 
not extend their influence to the air beyond the end 
of the tube, then at all open ends the pressure must 
have the normal atmospheric value, and thus, from 
(1) and (2), d^jdx = 0. Since the waves do extend a 
little outside the tube, this last equation is not strictly 
accurate. The usual modification is to increase the 
effective length of the tube by a small end-correction 
depending on the area of the cross-section of the tube. 
We shall not, however, include such corrections in 
this book. 

To summarise : 


d-i 1 d-i 
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(ii) I = 0 at a closed end (7 j 

(iii; — — = s = 0 at an open end . . , (Sj 


§ 59 We shall apply these equations to hint the normal 
mode> ol vibration of gas in a tube of length L These 
waves will naturally be of stationary type. 

(a) Closed at both ends x = 0, 1. — ^This problem is the 
same mathematically’, as the transverse vibrations of a 
string of length Z, fixed at its ends (cf. Chapter II, § 19). 
Conditions (i) and (ii) of § 58 give for the normal modes 


A. 


. T'ttx f nret 

. sm — cos - — - - 
» 10 




1,2,.... (9) 


(b) Closed atx = 0, open al x = I “ stopped tube ”) — 
Here conditions (ii) and (iii) give | = 0 at x = 0, and 

— = 0 at a: = The normal modes are 
dx 


y cosj^r-r^j ^+e,|, r=0,l,2.... (10) 

(c) open at both ends a; = 0, Z. — ^We have to satisfy 
the boundary condition (iii) = 0 at a; = 0, Z. So 
the normal modes are 


> A TTTX f'JTrCZ 1 1 rfc /I -I \ 

f = -4, cos — cos I — +€r|, r = 1, 2, ... (11) 

In each case the full solution would be the superposition 
of any number of terms of the appropriate type with 
different r. The fundamental frequencies in the three 
cases are 2Z/c, 4Z/c, and 2Z/c respectively. The harmonics 
bear a simple numerical relationship to the fundamental, 
which explains the pleasant sound of an organ pipe. 


§ 60. We shall now solve a more complicated problem. 
We are to find the normal modes of a tube of unit sectional 
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area, closed at one end by a rigid boundary and at tho 
other by a mass M free to move along the tube. Let 


Fig. 19 


the fixed boundary be taken as a; = 0, and the normal 
equilibrium position of the moveable mass be at a; = Z 
(fig. 19). Then we have to solve the standard equation 
of wave motion with the boundary conditions that when 
a; = 0, (ii) gives ^ = 0, and that when x = l the excess 
pressure inside, p— Po> niust be responsible for the 
acceleration of the mass M, This implies that 


^ = if — when X 

CP* 


The first condition is satisfied by the function 

I = ^ sin tKr cos (7ici-f-e) . . , (12) 

To satisfy the second condition, we observe that 

p— Po = W^p)(p— Po) == —c^Po^^ldx, from (3). 

So this condition becomes 

M— = — c-po ^ at x=l. 

Ct~‘ uX 

Using (12) this gives, after a little reduction, 
nl tan 

The allowed values of n are the roots of this equation. 
There is an infinite number of them, and when M = 0, so 
that the tube is effectively open to the air at one end, 
we obtain equation (10) ; when Jf = oo, so that the tube 
is closed at each end, we obtain equation (9). 


§ 61. So far we have developed our solutions in terms 
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of the displacement of any particle of the gas from it-v 
mean position It is possiMe, however, to use the method 
i>f the velonty potential o Many of the conditions which 
(f> must satisfy are the same as in Chapter V, but a few 
of them are changed to allow for the variation in density, 
it is convenient to gather these various formulae together 
tir^.t. 

(i) If the motion is irrotational, as we sliall assume, 

u = — (cf. Chapter V, equation (1) ) . (13) 

(ii) At any fixed boundary, d<f>lcv = 0 (cf. Chapter V, 

equation (2)) (14) 

(iii) The equation of Continuity (cf. Chapter V, equation 

(3)) is slightly altered, and it is * 

8p 


(iv) The equations of motion are unchanged ; if P is 
the external force on unit mass, m vector form, 
they are 



(cf. Chapter V, equation (6)) . 


(16) 


(v) In cases where the external forces have a potential 
F, we obtain Bernonlh’s equation (cf. Chapter Y, 
equation (8)) 

+ = const. . . (17) 

in which we have absorbed an arbitrary function of the 
tiTnft into the term d^jdt (cf. Chapter V, equation (8)). 


§ 62. In soimd waves we may neglect all external 
forces except such as occurs at boundaries, and thus we 
* Rutherford, § 67. 
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may put F = 0 in (17). Also we may suppose that the 
reloeities are small ami neglect in this equation. With 
the!;p approxim Bein'mlir^ equation becomes 
r •hi (6 

1 — r- = const. 

j p St 


We can simplify the first term ; for 


= r 

Jp jWJp' 


and if the variations in density are small, dpjdp may be 
taken as constant, and equal to as in (5). Thus 




Ij 

P 


'■ logeP == C2{l0g^(l+S)+I0g^pj. 


So = C“5+const., if s is small. If we absorb this con- 

J P 

stcint in <l>j then Bernoulli’s equation takes its final form 

c^s-d<l>iet = 0 . . . (18) 


Laplace’s equation for ^ does not hold because of the 
changed equation of continuity. But if Uy t?, w and s 
are small, (15) can be written in a simpler form by the 
aid of (13) ; viz , 

PQ8sldt—py-<j> = 0 . 


This is effectively the same as 



(19) 


Now let us eliminate s between (18) and (19), and 
we shall find the standard equation of wave motion 

... ( 20 ) 


TMs shows that c is indeed the velocity of wave propaga- 
tion, but before we can use this technique for solving 
problems, we must first obtam the boundary conditions 
for At a fixed boundary, by (ii) = 0. At an 

open end of a tube, the pressure must be atmospheric, 
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and Iioiire 5 = 0. Thii';, from (IS), 


XhiN completes the dev* lopn:* nt of tin' mtiiiod *>f t}.*' 
velocity potential, and wc t.an • hoo^e in any particular 
problem whether we solve by means of the displacement 
f or the potential i. It ia pos^ilde to pa-^ from one to 
the other, smee from (3) and QS} 

P . . (a 

§ 63. We shall illustrate these equations by solvmg the 
problem of stationary waves in a tube of length Z, closed 
at one end {x = 0) and open at the other (a; = Z). This 
is the problem already dealt with in §59 (6\ and with 

the same notation, we require a solution of 

cx- c- et^ 

subject to the conditions 

d<l)jdx = 0 at a; = 0, 
c^ldt = 0 at a; = Z. 

It is easilv seen that 


(fi =z a cos mx cos (cTJiZ+e) 


satisfies all these conditions provided that cos wZ = 0, 
i.e, ml = 7r/2, 37r/2, {^+ 2 )^ - So the normal modes 

are 

^ = o, cos y cos I (r+ ^ +€,|, 

and from this expression all the other properties of these 
waves may easily be obtained. The student is advised 
to treat the problems of § 59 (a) and (c)i n a similar manner. 


§ 64- Our next appheation of the equations of § 62 
will be to problems where there Is spherical symmetiy 
about the oiigin. The fundamental equation of wave 
motion then becomes (see Chapter I, equation (23)) 


^ 2 ^_ 
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with solutions of progressive type 
^ = pfii —‘•Ij— 

There are solutions of stationary type (see Chapter I, 
f‘quation (37)) 

, , cos cos . 

d} — r~^ vir . cmt. 

^ sill sin 

If the gas is contained inside a fixed sphere of radius a 
then we must have ^ finite when r = 0, and = 0 
when r ^ a. This means that 

<f> = — sin mr cos (cmi-f-e), 

with the condition 

tan ma = ma . • . . (23) 

This period equation has an mfihite number of roots which 
approximate to ma = {n-\-ll2)7r when n is large. So for 
its higher frequencies the system behaves very like a 
uniform pipe of length a open at one end and closed at 
the other. 

This analysis would evidently equally well apply to 
describe waves in a conical pipe. 

§65. We shall now calculate the energy in a sound 

wave. The Kinetic energy is clearly where 

dF is an element of volume. We may put p = po without 
loss of accuracy. In terms of the velocity potential this 
may be written 

jlpdV<l>m=^~lpoj<l>V^4>dV+lp,j<l,^dS . (24) 

The last expression follows from Green’s theorem just as 
in Chapter V, § 51, and the surface integral is taken over 
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the boundary" of tiie ga-^. There is also Potential energy’ 
because each small volume of gas is compressed or rarified, 
and work is stored up in the process. To calculate it, 
consider a small volume which during the passage 
of a wave is changed to F^. If is the correspondirg 
value of the condensation, then from (3), we have, to the 
first degree in aj, 

^ 1 = 

Further, suppose that durmg the process of compre'"'ion, 

V and s are simultaneous intermediary values. Then we 
can write the work done m compressmg the volume from 

rv, 

Fo to Fi in the form — I p dV. But, just as in {25), 

J V. 

V = Fo(l— s), and hence 

dV = — Fq ds. 

We may also write p == PQ—{dp dp)ip—p^ 

Thus the potential energy may be written 

(5>o+c®PoS)'^’’o«*s = ^>oro»l+ic®Po^>l® 


This is the contribution to the P.E. which arises from the 
volume Fq. The total P.E. may be found by integration. 
The first term will vanish in this process since it merely 
represents the total change in volume of the gas, which 
we may suppose to be zero. We conclude, therefore, that 

the Potential Energy is J ^ c-pgS-dV .... (26) 

It can easily be shown that with a progressive wave 
the K.E and P.E. are equal; this does not hold for 
stationary waves, for which their sum remains constant. 

a 
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^ 66. We conclude tins oliA|jter with a discussion of 
the propagation ot waves along a pipe whose cross-sectional 
area A varies slowly along its length. Our discussion is 
similar m many respects to the anatysis in § 57. 

Consider the pipe shown in fig 20, and let us measure 
distances x along the central line. It vuU be approximately 
true to say that the velocity w is constant across any 
section perpendicular to the x axis Suppose that the 
gas originally confined between the two places P, Q at 



distances x, x-rdx is di:a|ilaced during the passage of a 
wave, to P'Q'i tfie displacement of P being f and of Q 
being f Consider the motion of a small prism of gas 
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such as that sharled in tiie figure ; its equ.itioa of motion 
may be found as in § 57, and it is 


Po 


ct^ 


cx 


(27) 


We must tlierefore find the in term:? of f. This 

may be obtained from the equation of continuity, wlinh 
expresses the fact that the mass of gas in P'Q' is the same 
as that in PQ. Thus, if p is the density, 

PqA(x) dx = p A(x-Ti) - W^-rdi]y 

i.e. Po^4 (x) = D Ia(x 1 -i- f ^ j' 1 1 — ^ 

I ” cx) { exf 


Neglecting small quantities, this yields 


Therefore 


Po = P 


I ‘ ‘ A cxj‘ 


I cx A exj 


Po 


A-~ 


j - (Ai) 
A cx 


{28) 


Ehmmating p between (27) and (28) we find 

—{ 1—1 
dp 


dp 8x~ ex ex ' 


where, as usual, = 

So the equation of motion is 

a f 1 d 


dp 


cx cx ^ J 


ct^ 


(29) 


In the case in which A is constant this reduces to the former 
equation (5). An important example when *4 is not 
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constant is the so-called exponential hom used on the 
best acoustic gramophones ; here the tube is approximately 
symmetrical about its central line and the area varies with 
the distance accordmg to the law A = Aq where a and 
Aq are constant*?. 

With this form of A, (29) reduces to 




' lx 


}■ 


A solution is possible by the method of separation of 
variables (see § 7). We soon find 

where ? 7 ?i and are given by —a±^/(a^—n-). In most 
exponential horns is considerably larger than in the 
range of audible frequencies, so that 7% and mg may be 
written — Thus 

^ . (30) 

The first term icxnesents a wave going outwards and the 
second a wave coming inwards. We conclude from this 
that waves can be sent outwards along the hom with a 
velocity c which is approximately independent of the 
frequency, and with an attenuation factor e“®* which is 
also independent of the frequency. It is this double 
mdependence which allows good reproduction of whatever 
waves are generated at the narrow end of the hom, and 
which is responsible for this choice of shape in the best 
gramophones. Other forms of A will not, in general, give 
rise to the same behaviour. 

§ 67. Examples 

(1) Use the method of § 58 to investigate sound waves in a 
elocA,d rectangular box of sides ag and Og. Show that if the 
box is large, the number of such waves for which the frequency 
is less than n is approximately equal to one-eighth of the 
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volum*^ of the quadii* x- r/j^ jy 2 4/ - Hen'^'e 

show that this niimher i=! approximateiv 3"'*. 

(2) Investigate tlie refief t ion an* I transn "-j- 'n » f a tram 
of harmonu waves in a unifoi'ii -traig* t lahe at a 
where a smootli pi-ton of mass 3/ ju-^t into the tnbe an«i 
is free to move. 

(3) Show that the kinetic and potential energies of a plane 
progressive wave are equal. 

(4) Show that the kinetic and potential eneigies of 
stationary waves in a rectangular box have a constant ->uin, 

(5) Fmd an equation for the normal modes of a gas which 
is confined between two rigid concentric sphere^ of radii 
a and b. 

(6) Show that a closer approximation to the roots of 

equation (23) is ?na = l'{(w— 41^7}. 

(7) Find numerically the fundamental frequency of a 
conical pipe of radius 1 metre open at its wide end. 

(8) The cross-sectional area of a closed tube varies with the 
distance along its central line according to the law A = 

Show that if its two ends are a: = 0, and a; = Z, then standing 
waves can exist in the tube for which the displacement is 
given by the formula 

I = cos {gci-|-c}, 

where m= (ii-fl)/2 and J Jiql'c] = 0. 

Use the fact that (re) satisfies the equat on 


dV idJ 
(fee* X dx 



0 . 


[ Aktswebs : 2. reflection coefft. R = 
transmission coefft. T = for definitions of 

R and T see § 16 ; 5. period = 27r/pc, where 
(a6p*-|-l)sinp(6— o) =p[h—a) cos p{b-~a) ; 7. 166 per sec.] 
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ELECTRIC WAVES* 

§ 68. Before we discuss the propagation of electric waves, 
we shall summarise the most important equations that we 
shall require These are known as Maxwell’s equations. 
Let the vectors E (components Ey, Ez) and H (com- 
ponents Hx, Hy, H^) denote the electric and magnetic 
field strengths. These are defined f as the forces on a 
unit charge or pole respectively when placed inside a 
small needle-shaped cavity, the direction of the cavity 
being the same as the direction in which we wish to measure 
xhe component of E or H. We shall suppose that all our 
media are isotropic with no ferromagnetism or permanent 
polarisation ; thus, if we write € for the dielectric constant, 
and [L for the permeability, then the related vectors, 
viz. the magnetic induction B and the dielectric dis- 
placement I> are given by the equations B = juBi, D = eE. 
Further, let j (components jx, jy, jz) denote the current 
density vector, and p the charge density. Then, if we 
measure j, B and H m electromagnetic units, E and B 
in electrostatic units, writing c for the ratio between the 
two sets of units, J Maxwell’s equations may be summarised 
in vector form as follows : 

div D = 4fjrp (1) 

div B = 0 . . . . . . (2) 

♦ Before reading this chapter, the student is advised to 
familiarise himself with the equations of electromagnetism, as 
found in text books such as those by Jeans, Pidduck, or 
Abraham-Becker. 

T See, e.g., Abraham-Becker, Chapters IV, VXI. 

% This ^’stem is known as the Mixed S 5 ’stem. If we had used 
entirely e.s u., or entirely e m u., the powers of c would have been 
different. Particular care is required m discussing the units in 
(3) and (7) In this chapter c will always denote the ratio of th 3 
two sets of units. 
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ciiri H 




(3) 


curl E = 


I — 

c ct 


(4) 


D = €E 
B = /iH 


(5) 

( 6 ) 


To these equations we must add the relation between J 
and E. If a is the conductivity, which is the inverse of 
the specific resistance, this relpfion i^ 


i = uE (7) 

For conductors a is large, and for insulators it is small. 

The above equations have been written in vector form ; 
until the student has acquired familiarity with the use of 
the vector notation and operation, he is advised to verify 
the various calculations of this chapter, using the equations 
in Cartesian form as well as vector form. This will soon 
show how much simpler the vector treatment is, in nearly 
every case. If we wish to write these equations in their 
full Cartesian form, we have to remember that 


dDx cD„ 8Dt 

divD=v-I> = and that 

dx dy dz 



eH, 


dS^ 

eSy 

cHjjX 

\8y ' 


* dz 


’ dx 



The preceding equations then become 


0D„ 

dD.. 

dD. 

ifITp 

(10 

dB^ 

dBy , 

8B. . 

dx ^ dy ^ dz 

dx 

^ + 

o 

II 

dE, 



laD* 


dE:: 

_^y_ 

idBx 

dy 

dz 

- ^Jx-r 

c ct 


dy 

cz 

c ct 

dHx 

dH^_ 


1 dDy 


cEx 

cE. 

IcB^ 

dz 

dx 

= 

c It 

■(30 


dx 

e ct 

dEy 

cHx 

A 1 

IrD^ 


^Ey 

cEx __ 

105= 

dx 


= 4^jg+ 

c ct 


cx 


~ e~U 

J 


(41 
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fjx = cEx ,Dy^eEy , Dz^ ^Ez - . (5') 

Bx = , By = [iHy , Bz — . . (O') 

jx — 0>^-'x « jy “ or^y » Jir — <^Eg . . ( / ) 

Equations (l)-(4) are sometimes called Maxwell’s 
Equations and equations (o)-(7) constitutive relations. 
Simple physical bases can easily be given for (l)-(4). 
Thus, (1) represents Gauss’ Theorem, and follows from the 
law of force between two charges ; (2) represents the fact 
that isolated magnetic poles cannot be obtained; (3) is 
Ampere’s Rule that the work done in carrying a unit pole 
round a closed circuit equals 47r times the total current 
enclosed in the circuit ; part of this current is the conduc- 
tion current j and part is Maxwell’s displacement current 
1 SD 

; (4) is Lenz’s law of mduction. 

477C ot 

These seven equations represent the basis of our 
subsequent work. They need to be supplemented by a 
statement of the boundary conditions that hold at a change 
of medium. If suffix n denotes the component normal to 
the boundary of the two media, and suffix s denotes the 
component in any direction in the boundary plane, then 
on passing from the one medium to the other 

i>„, jB„, Eg and Eg are continuous . . (8) 

In cases where there is a current sheet (i.e. a finite 
current flowing in an indefinitely thin surface layer) some 
of these conditions need modification, but we shall not 
discuss any such cases iu this chapter. 

There are two other important results that we shall 
use. Eirst, we may suppose that the electromagnetic 
field stores energy, and the density of this energy per unit 
volume of the medium is 

. . . (9) 

Second, there is a vector, known as the Poynting' 
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vector, which is cuncenicd with the rat^* at wii li euercrv 
IS flowing This vector, whose iT^agnit'i le and direotickii 
are given by 

£(E<H) (10) 

represents the amount of energy which flows in unit time 
across iimt area drawn perpendicular to it. E and H are 
generally rapidly varying quantities and in such cases it is 
the mean value of (10) that has physical significance. 


§69. We shall first deal with non-conducting media, 
such as glass, so that we may put o = 0 in (7) ; we suppose 
that the medium is homogeneous, i.e. e and ju are constants. 
If, as usually happens, there is no residual charge, we may 
also put p = 0 in (1), and with these simplifications. 
Maxwell’s equations may be written 

div E = 0 j div H = 0, 

curl E = — — , curl H = - 

c ct c 


J . ( 11 ) 

etj 


These equations lead immediately to the standard equation 
of wave motion, for we know * that 

curl curl H = grad div H— 


Consequently, jfrom the fourth of the equations in (11), 
we find 


grad div H— ~ curl ^ 


€ d , 

- “ curl E. 
c ct 


Substituting for div H and curl E, we discover the standard 
equation 




€fid^ 


( 12 ) 


♦ Rutherford, Vector Methods, p. 5&, equation (10). 



106 


WAVES 


Eliminating H instead of E ve &id the same equation for E 




eiJL S-E 


(13) 


According to our discussion of this equation in Chapter I, 
this shows that waves can be propagated in such a medium, 
and that their velocity is c/V(^M)* ^ space, where 

e = fi—l, this velocity is just c. Now c, which was 
defined as the ratio of the two sets of electrical units, 
has the dimensions of a velocity, and its magnitude can 
be obtained experimentally; it is approximately 2-998 . 10^® 
cms. per sec. But it is known that the velocity of light 
in free space has exactly this same value. We are thus 
led to the conviction that light waves are electromagnetic 
in nature, a view that has subsequently received complete 
verification. X-rays, y-rays, ultra-violet waves, infra-red 
waves and wireless waves are also electromagnetic, and 
differ only in the order of magnitude of their wavelengths. 
We shall be able to show later, in § 71, that these waves 
are transverse. 

In non-conducting dielectric media, like glass, e is not 
equal to unity ; also fi depends on the frequency of the 
waves, but for light waves in the visible region we may 
put jLL = 1. The velocity of bght is therefore c/^e. Now 
in a medium whose refractive index is K, it is known 
experimentally that the velocity of light is cjK. Hence, 
if our original assumptions are valid, e = K^. This is 
known as Maxwell’s relation. It holds good for many 
substances, but fails because it does not take sufficiently 
detailed account of the atomic structure of the dielectric. 
It applies better for long waves (low frequency) than for 
short waves (high frequency). 


§ 70. A somewhat different discussion of (11) can be 
given m terms of the electric and magnetic potentials. 
8mce div B = 0, it follows that we can write 

B =:^ jLiH = curl A, 


( 1 ^) 
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where A is a vector yet to be determined. This equation 
does not define A completely, since if 6 is any scalar 
curl (A-^-grad ifi) — curl A. Tims A i< undefined to the 
extent of addition of the gradient of any sca]ai, and we 
may accordingly impose one further condition upon it. 

1 rB 

If B = curl A, and curl E = it follow's, bv 


c <t 


elimination of B, that 


Integrating, 


curljE-^i^t = 0. 

1 c ct ] 


e-t — s = ~ 

c ct 


iiliere ^ is an aibitrary scalar function, 

, , leA 

i.e. E = — grad 0 

c ct 


(15) 


In cases where there is no variation wdth tlie time, 
becomes E = —grad showing that 6 is the analogue 
of the electrostatic potential. 

Eliminating H from the relations /xH = curl A, 
c cE 

cull H = - — , and using (15) to eliminate E, we find 


€fJL d^A 




fi€d(f>] 


i.0, v’A-f + 

Let us now introduce the extra allowed condition upon A, 

and write ^ , 

div A-p “ ^ ^ 

c ot 

Then A satisfies the standard equation of ave motion 

€fi d^A 


V^A = 


C2 


(17) 
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Further, taking the divergence of (15), we obtain, by (16) 


1 a 


0 = div E = — ~ dir A = — ^ 

Thus fj> also satisfies the standard equation 

^ ^ " c* ' * 


Cft c-cp 


(18) 


A similar analj'sis can be carried through when p and j 
are not put equal to z^ro, and we find 


B = curl A . 

. (14') 


. (15') 

0_d.TA+£?| . 

c at 

. (16') 

- e/tc®A ^ . 

. (17') 

en 4m p 

. (18') 


<f> and A are known as the electric potential and magnetic 
or vector potential respectively. It is open to our 
choice whether we solve problems in terms of A and <f>, 
or of E and H. The relations (14')-(18') enable us to pass 
from the one system to the other. The boundary condi- 
tions for ^ and A may easily be obtamed from (8), but 
since we shall always adopt the E, H type of solution, 
which is usually the simpler, there is no need to write 
them down here. 

There is one other general deduction that can be made 
here. If we use (3), (5) and (7) we can write, for 
homogeneous media, 

1 A I ^ ^E 

curlH = 47r(7E -[ — . 

c dt 
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Taking the divergence of each side, and noting, from *1/, 
that div E = we find 

— — 4Trap = 0. 
c cl ^ 


Thus, on integration, 

P — Po^ where 9 — e iircrc . . (10* 

6 IS called the time of relaxation. It follows from (19; 
that any original distribution of charge decays exponentially 
at a rate quite independent of an\' other electromagnetic 
disturbances that may be taking place simultaneously, 
and it justifies us in putting p = 0 in most of our 
problems. With metals such as copper, 8 is of the order 
of 10“^® secs , and is beyond measurement ; but with 
dielectrics such as water 0 is large enough to be deter- 
mined experimentally. Equation (19) only applies to the 
charge at an internal point in a medium ; charges at the 
boundary of a conductor or insulator do not obey this 
equation at all. 


§ 71. We next discuss plane waves in a uniform non- 
conducting medium, and show that they are of transverse 
type, E and H being perpendicular to the direction of 
propagation. Let us consider plane waves travelling with 
velocity F in a direction Z, fn, n. Then E and BE must be 
functions of a new variable 


w = Zr+Twy-l-yiz— FZ . - - (20) 


When we say that a vector such as E is a function of u, 
we mean that each of its three components separately 
is a function of u, though the three functions need not 
be the same. Consider the fourth equation of (11). Its 
a;-component (see (3')) is 
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If dashes denote differentiation with respect to u, this is 

c 

Integrating with respect to w, this becomes 

eV 

mEz—nHy = E^, 

c 

in which we have put the constant of integration equal 
to zero, since we are concerned with fluctuating fields 
whose mean value is zero. There are two similar equations 
to the above, for Ey and E^y and we may write them as 
one vector equation K we let n denote the unit vector 
in the direction of propagation, so that n = (1, m, %), we 
have 

€F 

nxH = E (21) 

c ' 

Exactly similar treatment is possible for the third equation 
of (11) ; we get 

elV 

2ixE = ^H .... (22) 

Equation (21) shows that E is perpendicular to n and H, 
and (22) shows that H is perpendicular to n and E. In 
other words, both E and H are perpendicular to the direc- 
tion of propagation, so that the waves are transverse, and 
in addition, E and H are themselves perpendicular, E, 
H and n forming a right-handed set of axes. If we 
eliminate H from (21) and (22) and use the fact that 

nx[nxE] = (n,E)n— (n .n)E = —E, 

since n is perpendicular to E and n is a unit vector, we 
discover that F® = showing again that the velocity 
of these waves is indeed c/\/(€ft). 

It is worth while writing down the particular cases of 
(21) and (22) that correspond to plane harmonic waves 
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in the direction of the c *iiid with tho E vector in tn».- 
XOT y directions. The *.i<; iro 


£* = 0 

If, = — {e pwc^^~^ 


r, = ae’f« 

H =0 

(23, 

E ^=0 

JI—O. 


= be'-’ 

II 

c 


£, = 0 

H .= —V (6 tX 

(24) 

E ^=0 

O 

II 

5^' 



In accordance with § 10. a and b ma.y be complex, tu - 
arguments giving the two phases. It is the general 
convention * to call the plane containing H and n the 
plane of polarisation. Thus (23) is a wave polarised 
in the ass plane, and (24) a wa-ve polarised m the yz plane. 
By the principle of superposition (§ 6) we may superpose 
solutions of types (23) and (24). If the two phases are 
different, we obtain ellipticaHy polarised light, m which 
the end-point of the vector E describes an elhpse in the 
xy plane. If the phases are the same, we obtam plane 
polarised light, polarised in the plane y/x = —b.a. If 
the phases differ by 7r/2, and the amplitudes are equal, 
we obtain circularly polarised light, which, in real form, 
may be written 

Ex = a cos pip—zlV) Hx = — ® 

= a sin pit—zjV) Hy= (e/p.) a coa pit—z/V) 
E^^O H^ = 0. (25) 

The end-points of the vectors E and H each describe 
circles in the xy plane. 

In aU three cases (23)-(25), when we are dealing ^ith 
free space (c = p = 1) the magnitudes of E and H are 
equal. 

§ 72. By the use of (10) we can ea'idy write down the 
late at which energy is transmitted in tlieso waves. Thus, 


♦ To which, unfortunately, not all writers conform. 



il2 


WAVES 


with (25) the Poynting Vector is 




This vector is in the direction of the positive 2 -axis, showing 
that energy is propagated with the waves. According to 
(9), the total energy per unit volume is 




From these two expressions we can deduce the velocity 
with which the energy flows ; for this velocity is merely 
the ratio of the total flow across unit area in unit time 
divided by the eneigy per unit volume. This is c/V(e/jt), 
so that the energy flows with the same velocity as the 
wave. This does not hold with all types of wave 
motion; an exception has already occurred in liquids 
(§ 52 ). 

When we calculate the Po 3 mting Vector for the waves 
(23) and (24), we must remember that — ExH is not a 

477 

linear fimction and consequently (see § 10) we must choose 
either the real or the imaginary parts of E and H. Taking, 
for example, the real part of (23), the Poynting Vector 
lies in the z direction, with magnitude 

This is a fluctuating quantity whose mean value with 
respect to the time is The energy density, from 

(9)» is — cos2p(«— z/F), with a corresponding mean value 

ea^fSTT Once again the velocity of transmission of energy 
. ca^ /€ ea^ ° 

^ ^ Stt ” which is the same as the 

wave velocity. 
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§ 73. We shall next dibcus* the reflection and refraetio.^ 
of plane harmonic light \raves. This reflection will be 
supposed to take place at a plane surface separating two 
non-conductmg dielectric media whose refractive indices are 
and Smce we may put = 1, the velocities 

in the two media are c K^, c ^ %* ^ 


X 



direction of the common normal to the two media, and let 
AO, OB, OG be the directions of the incident, reflected 
and refracted (or transmitted) waves. We have not yet 
shown that these aU lie in a plane ; let us suppose that 
they make angles 0, tt—6' a'td (f> with the z axis OA being 
in the plane of the paper, and let us take the plane of 
incidence (i.e. the plane containing OA and Oz) to be the 
jLz plane. The y axis is then perpendicular to the plane 
of the x)aper. 


H 
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Since the angle of incidence is d, then as in (20), each 
of the three components of E and H will be proportional to 

^ipict—Kiix sm 6+z cos 0))^ 

Let the reflected and transmitted rays move in directions 
7%, Til) and (? 2 J w^ 2 , n^) respectively so that = —cos 6' 

= cos Then the corresponding components of E 
and H for these rays will be proportional to 

^ip{rt-£i{Ziic+OTiy+niS)} an(J 

Thus, considering the Ex components, we may write the 
incident, reflected and transmitted values 

-Kiix sin 0 cos 6)} ^ +7ihp +«i 2 )} 

These functions all satisfy the standard equation of wave 
motion and they have the same frequency, a condition 
which is necessary from the very nature of the problem. 

We shall first show that the reflected and transmitted 
waves he in the plane of incidence. This follows from the 
boundary condition (8) that Ex must be continuous on the 
plane z =0, i.e. for all x, t. 

This identity is only possible if the indices of all three 
terms are identical : i.e. 

ct—KjX sin 0 ^ ct—Kj^{I^x+fnjy) = 

Thus KiSmB = 

0 = 

The second of these relations shows that 771 ^ = in^ = 0, 
so that the reflected and transmitted rays OB, OG he in 
the plane of incidence xOz. The first relation shows that 
Zj = sin 6, i.e. that the angle of reflection 0' is equal to 
the angle of incidence 9, and also that 

Ki sm 6 — K 2 t>m (f} . 


. (26) 
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This well-known reiatioiiship between the angles of 
incidence and refraction is known as Snell's law. 

Our discussion so far has merely concerned itself with 
directions, and we must now pass to the amplitudes of 
the waves. There are two mam casc-s to consider, according 
as the incident light is polarised in the plane of incidence, 
or perpendicular to it. 

Incident light 'polarised in the plane of incidence . — ^The 
incident ray AO has its magnetic vector in the xz plane, 
directed perpendicular to AO To express thi^ vector in 
terms of x, y, z it is convenient to Ui>e intermediary axes 

7 ], ^ through 0 {see fig. 22, where the diiectioio of £ 
and 4 are shown; coincides with the y axis which is 



perpendicular to the plane oi the paper) ^ is in the 
direction of propagation, and f is in the plane of incidence. 
Referred to these new axes, H lies entirely in the ^ diiection. 
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and E in the 7] direction. We may use (23) and write 

,Erf= 

Hy =B^=0,ff(= 

Xow I = X sin 0+z cos 0, and so it follows that : 
incideiU wave 

E^^O, cos 0 d+zoo^e)}^ 

E,, = aiC*l*[rf-A'x(a;sin0+zcos^)j^ ^ Q, 

E^=0, H^ = sin 0 

Similar analysis for the reflected and refracted waves, in 
which we replace 0 by tt — 0 and ^ in turn, enables us 
to write 
rejected wave 

Ej,= 0, = Zi6i cos 0 eim-K.ix^nB-zcosd)}^ 

Ey = ^^e*P{rf-«^x(-csm^-zcos0)> ^ Hy= 0, 

Eg=0, = Kjbj^ sin 0 e^rf-^arsiu^-zcos^)} . 

refracted wave 

Ej. = 0 , H^= -'K^2 cos f> etP[ct-Ki{xsmi^+ZQOz^)} ^ 

Ey = a2e*?»f<^~^»<^sin^4-zcos.f)} ^ By== 0, 

Ez = 0 , ^z = ^2*^2 ^ &P[ct-JS:t{x^(^+zeoA(f,)}^ 

We may write the boundary conditions in the form that 
Ex, Eyy K^Ez, Ex, Hy and are continuous at z = 0. 
These six conditions reduce to two independent relations, 
which we may take to be those due to Ey and Hx : 

«i+6i == a^, 

—K^a^ cos 0+Zi6i COS0 = cos j>. 

Thus 

^2 

cos 0 +K 2 cos f> cos 0 —K 2 cos ^ ^ 2^^ cos 0 ' 

Usmg Snell’s law (26) in the form K^: K 2 = sm ^ : mn 0, 
this gives 

^ 01 ^ ct2 

sm {0 '\-<j>) — sin (0 — ^) 2 sin ^ cos 0 * 


( 27 ) 
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Equation (27) gives the ratio of the reflected and r* frac 
a mplitudes. If medium 2 is denser than medium 1 . >iv j 

so that and thus 6^ is negative : so there is a 

phase change of tt in the clectnt field when reflection takes 
place in the lighter medium There is no phase change on 
reflection in a denser medium, nor in the reifracted wave 
The same conclusion is true for the magnetic field H. though 
it must be remembered here and later in this chapter that 
the positive directions for E and H are defined by 
in fig. 22 and their counterparts relative to OB, OC, 
the Tj direction being along the y axis throughout. 

Incident light 'polarised perpendicular to the plane of 
incidence, — A similar discussion can be given when the 
mcident light is polarised perpendicular to the plane of 
mcidence ; in this case the roles of E and H are practically 
interchanged, Hy for example being the only non- vanishing 
component of H. It is not necessary to repeat the analysis 
in full. With the same notation for the amplitudes of the 
incident, reflected and reflected waves, we have 

^ . ( 28 ) 

sin 29 sin 2j> sin 29— sin 2^ 4 cos 9 sin <[> ' 

It follows from (28) that the reflected ray vanishes if 
sin 20 = sin 2<j}. Since 6 this implies that = 7r/2, 
and then Snell’s law gives 

sin 9 = Kosm<l> = cos 

So 

tan 0 = • - (29) 

With this angle of mcidence, known as Brewster's angle, 
there is no reflected ray. 

There will be a phase change of in E on reflection 
when sin 20< sin 2^. If reflection takes place in the 
lighter medium so that K^<K 2 , this holds for 9 greater 
than Brewster’s angle ; but if ^t holds for 9 less 

than Brewster’s angle. In alL other cases there is no phase 
change on reflection. 
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In gonoral, of course, the incident light is composed of 
waves polarised in all possible directions. Equations ( 27 ) 
and ( 28 ) sliow that if the original amplitudes in the two 
main directions are equal, the reflected amphtudes will 
not be equal, so that the light becomes partly polarised 
on reflection. When the angle of incidence is given by 
(29) it IS completely polarised on reflection This angle is 
therefore sometimes known as the polarising angle. 

§ 74 . An interesting possibility arises in the discussion 
of § 73 , which gives rise to the phenomenon known as 
total or internal reflection. It arises when reflection 
takes place in the denser medium so that ^>0. If we 
suppose 0 to be steaddy mcreased from zero, then 6 also 
increases and when sin 0 = K^jK ^ , ^ = 7r/2. If 0 is 
increased beyond this critical value, ^ is imaginary. 
There is nothing to disturb ns in this fact provided that 
we interpret the analysis of §73 correctly, for we never 
had occasion to suppose that the coefficients were real. 
We can easily make the necessary adjustment in this 
case. Take for simplicity the case of incident light 
polarised in the plane of incidence. Then the incident 
and reflected waves are just as in our previous calculations. 
The refracted wave has the same form also, but in the 
exponential term, sin. ^ = sin 0, and is therefore 
real, whereas 

jK^ 2 cos <[> = sm® sin^ 0), 

and is imaginary, since we are supposing that internal 
reflection is taking place and therefore sin 6:>K^. We 
may therefore write K2 cos ^ = diigr, where q is real. 
Thus the refracted wave has the form 

— U06 sin^ flf) 

For reasons of finiteness at infimty, we have to choose 
the negative sign, so that it appears that the wave is 
attenuated as it proceeds into the less dense medium. 
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For normal vraves it appears that the penetration 

IS only a few wavelonsths, aT.d thi- the title 

of total reflection. TL* *h cay ri^-tor is 

This factor increases with the frequency so that light of 
great frequency hardly penetrates at ail. In actual 
phy-^ical prohl ms, the ren active index does not change 
from to K 2 abruptly, as we have imagined ; however, 
Dmde has shown that if we suppose that there is a thin 
surface layer, of thickness approximately equal 10 one 
atomic diameter, in which the change takes place smoothly, 
the results of this and the preceding paragraphs are hardly 
affected. 


§75. In our previous calculations we have assumed 
that the medium was non-conducting, so that we could 
put a = 0. When we remove this restriction, keeping 
always to homogeneous media, equations (l)-(7) give us 

div E == 0, 
div H = 0, 

curl H = 47rorEd , 

c ct 


curl E = 


cH. 
c ct ' 


Now curl curl E = grad div E — 

, cH !JL d 4:7rcrfj. cE c/x 3^ 

'm 


a , cH. iL 0 , 

V^E = - curl — = C _ curl H = 
^ c dt c ct 


i.e. 


^ C2 dt^ 


C 

4^7rcr]Lt SE 
c dt 


(30) 


A aiTuilar equation holds for H. Equation (30) is the 
well-known equation of telegraphy (see § 9). The first 
term on the right-hand side may be called the displacement 

1 fiD 

term, since it arises from the displacement current ^ 

-tTTC ot 
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and the second is the conduction term, since it arises from 
the conduction current 3 . If we are dealing with wave‘s 
whose frequency is p/27r, E will be proportional to , 
the ratio of these two terms is therefore €p/ 47 rc<T. Since 
€ is generally of the order of iimty, this means that if 
p/ 27 r is much greater than ca, only the displacement term 
matters (this is the case of light waves in a non-conducting 
dielectric) ; but if p/27r is much less than ccr, only the 
conduction term matters (this is the case of long waves 
in a good metallic conductor). In the intermediate region 
both terms must be retained. With most metals, if p< 10’ 
per second we can neglect the fiist term, and if p> 10 ^® 
per second we can neglect the second term. 

Let us discuss the solutions of (30) which apply to 
plane harmonic waves propagated in the z direction, such 
that only Ex and Hy are non-vanishmg (as in (24)). We 
may suppose that each of these components is pro- 
portional to 

em-iP) .... (31) 


where p/27r is the frequency and q is still to be determined. 
This expression satisfies the equation (30) if 




q is therefore complex, and we may write it 
q = 


where 


2c2 

2c2 




(32) 


(33) 


The “ velocity ” of (31) is l/q ; but we have seen in § 73 
that in a medium of refractive index K the velocity is cjK. 
So the effective refractive index is cq which is complex. 
Complex refractive indices occur quite frequently and are 
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as«iOciated aljNorption thf' : Sir, i^ombr.Incr 

(31) and (33) we Iiav^* th^ that E^. and //„ are 

proportional to 

. . (34) 


Tliis shows that a plane wave cannot be propagated in 
such a medium without absorption. The decay factor may 
be written where k = p8 k is called the absorption 
coefficient. In the ca&e where Itto-c ep is small compared 
with unity (the ease of light waves in mo’^t non-conducting 
dielectrics), k is approximately equal to 2.7tg\ '(/x e). Xow 
the wavelength in (34) is A = 2w ap, so that in one wave- 
length the amplitude decays by a factor approximately 
g— 4Tr"(7c'ep. As we are making the assumption that ca ep 
is small, the decay is gradual, and can only be notir#^d 
after many wavelengths. The dia^tance travelled before 
the amplitude is reduced to 1 e times its original value is 
1/fc, w-hich is of the same order as or. 

The velocity of propagation of (34) is 1/a, and thus 
varies with the frequency. With our usual approximation 
that CO ep is small, this velocity is 


C I l/LVuCyi 

t 2\ CJ> / j’ 


(35) 


We can show that in waves of this character E and H 
are out of phase with each other. For if, in accordanc*e 
with (31), we write 

Hy = b 


then the j^-component of the vector relation 

pbcB. 

curl E = — — -Tr- , 
c 


gives us the connection between a and 6. It is 
cEx p cHjf 
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. , 

1 e. . (36) 

Thus bja is eqtial to {cjfjL)q. Now q is complex and hence 
there is a phase difference between Ex and Hy equal to 
the argument of q. This is tan“^(j8/a), and with the same 
approximation as in (35), this is just tan“^(27rc7c/€p), which 
is effectively ^ac/ep. 

§76 It is interesting to discuss in more detail the 
case in which the conductivity is so great that we may 
completely neglect the displacement term in (30). Let 
us consider the case of a beam of hght falling normally 
on an infinite metallic conductor bounded by the plane 

2 = 0. Let us suppose (fig. 23) that the incident waves 



come from the negative direction of 2 , in free space, for 
which € — = Ij and are polarised in the yz plane. Then, 
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according to f24i th-^v are dfliiird rr- : 
incident irair 

^ Hy = a, ^ 


reflected wave 




In the metal itself we may write, according to f31) and ^361, 


Ex — a^ flz) 


H, = -q a-> 


These values will satisfy the equation of telegraphy (30) 
in which we have neglected the displacement term, if 


where 



= 2'itcfijlIpc. 


~2v2; 


Thus 


(37) 


Inside the metal, E and H have a -tt/I phase difference, 
since, as we have shown in (36), this phase difference is 
merely the argument of g. 

The boundary conditions are that Ex and are 
contmuous at z = 0. This gives two equations 


Hence 


®l+^l = ®2» 

, c 

— 0^ — — ^^2* 




1 . <5 , C 

1+-J 1--2 

H [i 


T 


(38) 


Since q is complex, all three electric vectors have phase 
differences. The ratio R of reflected to incident energy 
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IS which reduces to 

(cy— + (cy)^ 

{cy+fj.f + (cy)2 

In the case of non-ferromagnetic metals, cy is much larger 
than ft, so that approximately 



This formula has been checked excellently by the experi- 
ments of Hagen and Rubens, usmg wavelengths in the 
region of 10“® ems. 

It is an easy matter to generalise these results to apply 
to the case when we include both the displacement and 
conduction terms in (30). 

We can use (38) to calculate the loss of energy in the 
metal. If we consider unit area of the surface of the metal, 
the rate of arrival of energy is given by the Poynting Vector. 


This is ~ I % I*. Similarly the rate of reflection of energy is 
Stt 

^ I 1*- So the rate of dissipation is \^—\ |2|. 


This must be the same as the Joule heat loss. In our 
units, this loss is caE* per unit volume per unit time. 
If we take the mean value of in the metal, it is an 

ea^ matter to show that I caEx'^ is indeed exactly 

J 0 

equal to this rate of dissipation. 


§ T7. When the radiation falls on the metal of § 76, it 
exerts a pressure. We may calculate this, if we use the 
experimental law that when a current J is in the presence 
of a magnetic fleld H there is a force fijxH acting on 
it. In our problem, there is, in the metal, an alternating 
field E, and a corresponding current crE. The force on the 
current is therefore /loExH, and this force, being perpen- 
dicular to E and H, lies in the z direction. The force on 
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the charges that compose the current is transmitted by 
them to the metal as a whole. Xow both E and H are 
proportional to (see equation 37; so that the force 

falls off according to the relation To calculate the 

total force on unit area of the metal surface, we must 
integrate juaExH from z = 0 to z=co. E,:H is a 
fluctuatmg quantity, and so we shall have to take its mean 
value with respect to the time The pressure is then 



i.e. {co-/4j>)iff2!’- 

Using (38) this may be expressed in the form 
(caiiVp) I Oi i^{(cy— /i)-— (cy)-}-^. 

§78. There is another application of the theory of 
§ 76 which is important. Suppose that we have a straight 
wire of circular section, and a rapidly alternating e.m.f. 
is applied at its two ends. We have seen in §76 that 
with an infinite sheet of metal the current falls off as we 
penetrate the metal according to the law If py 

is small, there is httle diminution as we go down a distance 
equal to the radius of the wire, and clearly the current 
will be almost constant for all parts of any section (see, 
however, question (12) in § 79). But py is large, then 
the current will be carried mainly near the surface of the 
wire, and it will not make a great deal of difference whether 
the metal is infinite in extent, as we supposed in § 76, or 
whether it has a cross-section in the form of a circle ; in 
this case the current density falls off approximately 
according to the law as we go down a distance r 

from the surface This phenomenon is known as 
the skin effect ; it is more pronounced at very high 
frequencies. 

We could of course solve the problem of the wire quite 
rigorously, using cylindrical polar coordinates. The 
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formulae are rather complicated, but the result is 
essentially the same. 

§ 79. Examples 

(Ij Prove the equations (17') and (18') in § 70. 

(2) Find the value of H when Ex = Ey = 0, and Eg ~ 
A cos nx cos 9ict. It is given that H = 0 when i = 0. and also 
€=^=1, p = o-=0. Show that there is no mean flux of 
energy in this problem. 

(3) Prove the equation (28) in § 73 for reflection and 
refraction of hght polarised perpendicular to the plane of 
incidence. 

(4) Show that the polarising angle is less than the critical 
angle for internal reflection. Calculate the two values if 

= 6, E 2 — !• 

(5) Show that the reflection coefficient from glass to air at 
normal incidence is the same as from air to glass, but that 
the two phase changes are different. 

(6) Light falls noimally on the plane face which separates 
two media , K 2 . Show that a fraction R of the energy is 
reflected, and T is tiansmitted, where 

Hence prove that if light fulls normally on a slab of dielectric, 
bounded by two parallel faces, the total fraction of energy 

^ , . {K2-Kj)^ ^ , . 2K^K2 ^ . 

reflected is — - — — — , and transmitted is . It is 

K.-^A~E.2 

necessary to take account of the multiple reflections that take 
place at each boundary. 

(7) Light passes normally through the two parallel faces 
of a piece of plate glass, for which jKT = 1-5. Fmd the fraction 
of incident energy transmitted, taking account of reflection 
at the faces. 

(8) Show that when mtemal reflection (§ 74) is taking 
place, there is a phase change in the reflected beam. Evaluate 
this numerically for the case of a beam falling at an angle 
of 60° to the normal when ifi = 1*6, if , = 1, the light being 
poL.rised in the plane of incidence. 

(9) Show that if we as'^ume ^ = 1, tlien the reflection 
cocllicient w'lth metals (§ 76) may be written in the form 
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R = l—2j'\J(ca vi. where v t.ie fiequency. If cr i? 1*G . iO" 
(in our mixed eaiciiiate R for A = 10~® ciris. and 

A = lO"^ cms. 

(10) A cunent iiows in a strai iiit wire whose cros— section 
i^ a circle of radius a. The coii> i tction c irient j depends 
only on r the radial distance from the centre of t]*e wire, 
and the time t. A^'sunnns t!_at the di'>pla?ement current 
can be neglectetl, prove tnat H is Jireete I perpendic-ilar to tJ e 
ladius vector. If^(r, auvl H r, t repie-ent the magnituae^ 
of 3 and H, prove that 


^ {Hr) = 4 t^- , ^ 
cr cr 


cH 
Ca ct 


(11) the results of question (10; to prove that j satisnes 
the differential equation 

1 £_/ 0‘j cj 

r cr\ c j c ct' 


iSliow also that H satishes tiie equation 

am ^ I cH H _ 4-r^a dH 
cr^ ‘ r or r- c ct ' 

Use the method of separation of variables to prove that 
there is a solution of the ^-equation of the form/ =/(r)e*^, 
where 

— T -iiaf =0,0 = 7r<r^p;c. 


Hence show that / is a combination of Bessel functions of 
order zero and complex argument. 

(12) If a in question (11) is small, show that an approximate 
solution of the current equation is j = ^(l-f-far^— 
where A is a constant. Hence show that the total current 
fluctuates between ~Jy where, neglecting powers of a above 
the second, J = ^ra-A(l-raV/24;. Use this result to show 
that the heat developed in umt length of the wire in umt 
cJ- 

time is (l-fa*a“;12). (Questions (10), (11) and (12) 

aie the pioblem of the skm effect at low fiequenciC'^ ) 


[Answers : 2. Hj, = 0 , Hj —A >111 nur sin ytci , 

4 9° 28', 9"^ 30'; 7. 12 '13 of the incident energy is trans- 
mitted; 8. 100"* 20'; 9 0-984,0-930] 
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GENERAL CONSIDERATIONS 

§ 80. The speed at which waves travel in a medium is 
usually independent of the velocity of the source ; thus, if a 
pebble is thrown into a pond with a horizontal velocity, the 
waves travel radially outwards from the centre of disturb- 
ance m the form of concentric circles, with a speed which is 
independent of the velocity of the pebble that caused them. 

When we have a moving source, sendmg out waves 
continuously as it moves, the velocity of the waves is 
often unchanged,* but the wavelength and frequency, as 
noted by a stationary observer, may be altered. 

Thus, consider a source of waves moving towards an 
observer with velocity u Then, since the source is moving. 


nix 



(a) Waves when source is stationary. 

(b) Waves when source is moving. 


the waves which are between the source and the observer 
will be crowded into a smaller distance than if the source 
had been at rest. This is shown in fig. 24, where the waves 
are drawn both for a stationary and a moving source. If 
the frequency is ti, then in time t the source emits nt waves. 

* It is changed slightly when there is dispersion ; see § 83 . 

12S 



GENERAL CONSJDERATIONS 


!29 


If the source had been at rest, these waves would have 
occupied a length AB But due to its motion the source 
has covered a distance uf, and hence these 7i6 waves are 
compressed into a length A'B\ whore AB—A'B' = ut. 
Thus 

ntX—ntX* — lit, 

i.e. A' = X—ujn = A{1— tt/cl, .... (1) 


if c is the wave velocity. K the corresponding frequencies 
measured by the fixed observer are n and then, since 
nX = e = n'X\ therefore 


Jf the source is moving towards the observer the frequency 
is increased ; if it moves away from him , the frequency iss 
decreased. This explains the sudden change of pitch 
noticed by a stationary observer when a motor-car passes 
him. The actual change in this case is from nc/(c— w) to 
nc/(c+tt), so that 

Aw = 2ncul{c^—yr). . . (3) 


This phenomenon of the change of frequency when a source 
is moving is known as the Doppler eSect. It applies 
equally well if the observer is moving instead of the source, 
or if both are moving. 

For, consider the case of the observer moving with 
velocity v away £ix)m the source, which is supposed to be 
at rest. Xet us superimpose upon the whole motion, 
observer, source and wav^, a velocity — v. We shall 
then have a situation in which the observer is at rest, 
the source has a velocity — v, and the waves travel with 
a speed c — v. We may apply equation (2) which will then 
give the appropriate frequency as registered by the observer; 
if this is Ttf, then 


n = 


n{c—v) 
{c—v) — (— u) 


n{c—v) 


(4) 


c 


I 
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To deal with the case in which both source and observer 
are moving, with velocities u and v rcbpectively, in the 
same direction, we superimpose agam a velocity — v upon 
the whole motion Then in the new problem, the observer 
is at rest, the source has a velocity u—v, and the waves 
travel with velocity c—v. Agam, we may apply (2) and 
if the frequency registered by the observer is n’”, we have 


v{c—v) __ n(c—v) 
{c—v) — c—u 


( 5 ) 


These considerations are of importance in acoustic and 
optical problems ; it is not difficult to extend them to 
deal with cases in which the various velocities are not m 
the same Ime, but we shall not discuss such problems here. 


§ 81. We have shown in Chapter I, § 6 that we may 
superpose any number of separate solutions of the wave 
equation. Suppose that we have two harmonic solutions 
(Chapter I, equation (11)) with equal amplitudes and nearly 
equal frequencies. Then the total disturbance is 

^ = a cos 27r(^a:— JZiQ+a cos 2jT[k^—n^) 


The first cosine factor represents a wave very similar to 
the original waves, whose frequency and wavelength are 
an average of the two initial values, and which moves 

with a velocity r — — This is practically the same as the 

velocity of the origmal waves, and is indeed exactly the 
same rf njhj^ = njk^. But the second cosme factor, which 
changes much more slowly both with respect to x and t, 
may be regarded as a varying amphtude. Thus, for the 
resultant of the two origmal waves, we have a wave of 
approximately the same wavelength and frequency, but 
with an amplitude that changes both vdth time and distance. 
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We may represent this graphically, as in fig. 2^ 
outer solid profile is th^ curve 


y = 


2a cos 277 



j : — 


2 '/• 


The 


The other profile curve is the reflection of this in the x 
axis. The actual disturbance <f> lies between these twt) 
boundaries, cutting the axis of x at regular intervals, 
and touching alternately the upper and lower profile 
curves. If the velocities of the two component waves 
are the same, so that % then the wave system 

shown in fig. 25 moves steadily forward without change 



of shape. The case when is not equal to njk^ is 

dealt with in § 83. 

Suppose that ^ refers to sound waves. Then we shall 
hear a resultant wave whose frequency is the mean of 
the two oii^nal frequencies, hut whose intensity fluctuates 
with a frequency tiaice that of the solid profile curve. 
This fluctuating intensity is known as beats ; its frequency, 
which is known as the beat frequency, is just 
that is, the difference of the component frequencies. We 
can detect beats very easily with a piano slightly out of 
tune, or with two equal timing-forks on the prongs of 
one of which we have put a little sealing wax to decrease 
its frequency. Determination of the beat frequency 
between a standard tuning-fork and an unknown frequency 
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is ono of the best methods of determining the unknown 
frequency. Beats of low frequency are unpleasant to 
the ear. 

§ 82. There is another phenomenon closely related to 
beats. Let us suppose that we have a harmonic wave 
^ cos 2n{nt—kx)y with amplitude A and frequency n. 
Suppose further that the ampKtude A is made to vary 
with the time in such a way that A = a+h cos 277pf. 
This is known as amplitude modulation. The result is 
^ = {a+b cos 2TTpt) cos 2Tr{nt—kx) 

= a eos2‘jr(nt—kx)-\- ||cos 2T^{n-^p)t—hx\+ cos 2^r[(»— p)«— fee] j-. 

The effect of modulating, or varying, the amphtude, is to 
introduce two new frequencies as well as the original one ; 
these new frequencies are known as combination 

tones. In the same way we can discuss phase modulation 
and frequency modulation. (See § 89, questions (11) and 
( 12 ).) 

§ 83, If the velocities of § 81 are not the same 
not equal to then the profile curves in fig. 25 move 

with a speed which is different from that 

of the more rapidly oscillating part, whose speed is 
(jii+^)/(^+^ 2 )- ^ other words, the individual waves 
in fig. 25 advance through the profile, gradually increasing 
and then decreasing their amplitude, as they give place to 
other succeeding waves. This explains why, on the sea- 
shore, a wave which looks very large when it is some 
distance away from the shore, gradually reduces in height 
as it moves in, and may even disappear before it is 
sufficiently close to break. 

This situation arises whenever the velocity of the 
waves, i.e. their wave velocity F, is not constant, but 
depends on the frequency. This phenomenon is known 
as dispersion. We deduce that in a dispersive system 
the only wave profile that can be transmitted without 
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change of shape is a single liarmonic wave train ; any 
other wave profile, which may be analysed into two or 
more harmonic wave trains, will change as it is propagated. 
The actual velocity of the profile curves in fig. 25 is known 
as the group velocity U. We see from (6) that if the 
two components are not very different, V = njh, and 

U = (rirj^—n^KIc-^—h^ = dndh. . - (7) 


In terms of the wavelength A, we have h = 1/A, so that 

U - . (8j 


dn _ ^^dn 

d(P^^ 


We could equally well write this 

= F-ife^= F-A^. 

dk dk dk dX 


(9) 


Our calculation has considered just two waves. But 
the form of equation (7) shows that we could equally well 
consider any number of waves superx^osed, provided that 
for any two of them k^—k^, were sufficiently 

small for us to take their ratio constant and equal to dn;dk. 
If this condition is not satisfied we have to go to a closer 
approximation, as in § 84. 

The importance of group velocity lies in the fact that 
the energy is propagated with this velocity. We have 
already met several cases in which the wave velocity 
depends on the frequency ; we shall calctdate the group 
velocity for three of them. 

Surface waves on a liquid of depth h : 

The analysis of Chapter V, equation (32) shows that the 
velocity of surface waves on a liquid of depth h is given by 


257 A 


According to (9) therefore, the group velocity is F— Ad V/dX, 

17 = i F |l+ ^ cosech^^l . (10) 


i.e. 
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When h is small, the two velocities are almost the same, 
hut when h is large, U = F/2, so that the group velocity 
for deep sea waves is one-half of the wave velocity. 
Equation (10) is the same as the expression obtained in 
§ 52, equation (47), for the rate of transmission of energy 
in these surface waves. Thus the energy is transmitted 
with the group velocity. 


Electric waves in a dielectric medium : 

The analysis in Chapter VIE, § 69, shows that the wave 
velocity in a dielectric medium is given by 
72 = c^lefi. 

We may put /a == 1 for waves in the visible region. Now 
the dielectric constant e is not mdependent of the frequency, 
and so V depends on A. The group velocity follows from 
(9) ; it is 



In most regions, especially when A is long, e decreases when 
A increases so that U is less than 7. For certain wave- 
lengths, however, particularly those in the neighbourhood 
of a natural frequency of the atoms of the dielectric, there is 
anomalous dispersion, and U may exceed 7. When A 
is large, we have the approximate formula 

€ = A+BjX^+CIXK 


It then appears from (11) that 


V = 


y 

A+BI\^+GIX*' 


Electric waves in a conductmg medium : 

Hie analysis in Chapter VII, § 76, shows that the electric 
vector is propagated with an exponential term 


where = 27TafLlpc. Thus 7^ = — = 


pc 


27ro’/x 


Accordiog 
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to (7), the group velocitj’ is 


If we suppose that cr and p, remain constant for all 
frequencies, then this reduces to 

U = 2y = 2V. . . . (12) 

The group velocity here is actually greater than the wave 
velocity. 

§84. We shall now extend this discussion of group 
velocity to deal with the case of more than two component 
waves. We shall suppose that the wave profile is split 
up into an infinite number of harmonic waves of the type 

.... (13) 

in which the wave number h has aU possible values ; we 
can suppose that the wave velocity depends on the 
frequency', so that n is a function of 7c. If the amplitude 
of the component wave (13) is a(k) per unit range of ife, 
then the full disturbance is 

i ~ oo 

^x, <) = J a(*) • . . (14) 

1e = —00 

This collection of superposed waves is known as a wave 
packet. The most interesting wave packets are those in 
which the amplitude is largest for a certain value of k, 
say kff, and is vanishingly small if k—k^^ is large. Then 
the component waves mostly resemble and 

there are not many waves which differ greatly from this. 
We shall discuss m detail the case in which 

a(jfc)=JL . . . (16) 


This is known as a Gaussian wave packet, after the 
mathematician Gauss, who used the exponential function 
(15) in many of his investigations of other problems. 
A, cr and k^ are, of course, constants for any one packet. 
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Let us first determine the &iid.j)e of the wave profile at 
t — 0. The integral in (14) is much simplified because 
the term in n disappears. In fact, 

00 

4,{x, 0 ) = ^-^dk. 

— 00 

On account of the term the only range of k 

which contributes significantly to this integral lies around 
1 * 0 ; smce when h—Jz^^ = term becomes and 

for larger values of h—lzQ it becomes rapidly smaUer, this 
range of A; is of order of magnitude AA; = 

In order to evaluate the integral, we use the result * 



— 00 


This enables us to integrate at once, and we find that 

4>{x, 0) = A . (jgj 

The term represents a harmonic wave, whose 



Fig. 26 

wavelength A = l/^’os other factors give a varying 

amplitude jf j.g^ pg^j^ g£ 

* Gillespie, Integration, p. 88. 
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S{x, 0) has the general shape shown in fig. 26. The outer 
i urves in this figure are the two Gaussian curves 

and <f>{x, 0) oscillates between them. Our wave packet 
(14) represents, at f = 0, one large pulse containing several 
oscillations. If we define a lialf-widtli as the value of x 
that reduces the amplitude to 1/e times its maximum 
value, then the half-width of this pulse is 

At later times, ^>0, we have to integrate (14) as it 
stands. To do this we require a detailed knowledge of n 
as a function of h. If we expand according to Taylor’s 
theorem, we can write 

n = no-ra{k—ko)-i-^{k—ko)Y2-^... 

where 

a = {dndh)^ , jS = {dhiidk\y (19) 

As a rule the first two terms are the most important, and 
if w’e neglect succeeding terms, we may integrate, using 
(17). The result is 

4>{x, <) = J -i 

— 00 

= A yj- . (20) 

When f = 0, it is seen that this does reduce to (18), thus 
providing a check upon our calculations. The last term 
in (20) shows that the individual waves move with a 
wave velocity nJkQ, but their boundary amplitude is given 

by the first part of the expression, viz. A 

Now this expression is exactly the same as in (18), drawn 
in fig. 26, except that it is displaced a distance ai to the 
right. We conclude, therefore, that the group as a tchole 
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moves with velocity a = {dnldk)^, but that individual 
waves within the group have the wave velocity n^lh^ 
The velocity of the group as a whole is just what we have 
previously called the group velocity (7). 

If we take one more term in (19) and integrate to 
obtain ^{x, t) we find that <(> has the same form as in (20) 
except that a is replaced by The effect of this 

is twofold ; in the first place it mtroduces a variable 
phase iuto the term and in the second place it 

changes the exponential term in the boundary amplitude 
curve to the form 

— 7i^a{x — ai)^ 

This is still a Gaussian curve, but its half-width is increased 

.... ( 21 ) 

We notice therefore that the wave packet moves with 
the wave velocity uJIcq, and group velocity {dnjdk)^ 
spreading out as it goes in such a way that its haff-widih 
at time t is given by (21). 

The importance of the group velocity lies mainly in 
the fact that in most problems where dispersion occurs, 
the group velocity is the velocity with which the energy 
is propagated. We have already met this in previous 
paragraphs. 


§ 85. We shall next give a general discussion of the 

standard equation of wave motion in which 

cr ot^ 

c is constant. We shall show that the value of ^ at any 
point P (which may, without loss of generality be taken 
to be the origin) may be obtained from a knowledge of 

of o / 

the values of ^ and on any given closed surface j8, 

which may or may not surround P ; the values of <f> and 
its derivatives on S have to be associated with times 
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which differ somewhat from the time at which we wish 
to determine ^p. 

Let us analyse ^ into components with different 
frequencies ; each component itself must satisfy the 
equation of wave motion, and by the principle of super- 
position, which holds when c is constant, we can add the 
various components together to obtain the full solution. 
Let us consider first that part of ^ which is of frequency 
p ; we may write it in the form 

y, z) . . . (22) 

where h = 27rp'c {23} 

if/ is the space part of the disturbance, and it satisfies the 
Poisson equation 

= . . . (24) 

This last equation may be solved by using Green’s theorem.* 
This theorem states that if and if/^ are any two functions, 
and 8 is any closed surface, which may consist of two or 
more parts, such that if/^ and if/^ have no smgularities inside 
it, then 

= J I . (25) 



The volume integral on the left-hand &ide is taken over 
* See Rutherford, p. 65, equation (29). 
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the whole volume bounded by S, and djdn denotes 
differentiation along the outward normal to dS. 

Tn this equation tfii and ^2 arbitrary, so we may 

Q—ikr 

put equal to 0, the solution of (24), and ^2 = 3 

V 

r being measured radially from the origin P. We take 
the volume through which we iutegrate to be the whole 
volume contained between the given closed surface S 
(jBg. 27) and a small sphere S around the origin. We 
have to exclude the origin because becomes infinite at 
that point. Fig. 27 is drawn for the case of P within S ; 
the analysis holds just as well if P lies outside 8. 

Now it can easily be verified that 

so that the left-hand side of (25) becomes 

and this vanishes, since = 0 by (24). The 

right-hand side of (25) consists of two parts, representing 
integrations over 8 and S- On E the outward normal 
is directed towards P and hence this part of the full 
expression is 

When we make the radius of E tend to 0, only one term 
remains ; it is 



where dcc> is an element of solid angle round P. Taking 
the limit as r tends to zero, this gives us a contribution 
— 47r^p. Equation (25) may therefore be written 
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Since by definition ^ we can writf* tin- 

last equation in the form 


where 




(26) 


X = 


r) 


-tff 


CJi \r 


- j — ik 0 


gfiCci-r) 


cn 


r cn 
== A —B +(7, say. 

We may rewrite X in a simpler form ; for on account of 
the time variation of <f>y ift is the same as taken, 

not at time t, but at time t—rjc. If we write this svmboli- 
d fl 


caUy f^en ^ = ^ | " ) E^l-r/c- ^ ^ similar way. 


^ = -[^1 , and 0 = , where, for 

^ r/c CT cn\_dt Xt^rlc 


example. 


’ \p4t-r,c 


means that we evaluate d^Jdn as a 


function of x, y, z, t and then replace t by t — r/c. We 
call t—rjc the retarded time. We have therefore proved 
that 




X dSy where 




r idn 


1 

Ji-r/e Sn \rj 


-) [^lf-r/e + 


(27) 


So far we have been dealing with waves of one definite 
frequency. But there is nothing in (27) which depends 
upon the frequency, and hence, by summation over all 
the components for each frequency present in our complete 
wave, we obtain a result exactly the same as (27) but 
without the restriction to a single frequency. 

This theorem, which is due to Kirchhoff, is of great 
theoretical importance ; for it implies (a) that the value 
of ^ may be r^arded as the sum of contributions X/47r 
from each element of area of S ; this may be called the 
law of addition of small elements, and is familiar in a 
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Liw of addition of small elements, and is familiar in a 
slightly different in optics as Huygens’ Principle ; 

and (6) that the contribution of dS depends on the value 
of not at time t, hut at time t—ric. Now r/c is the 
time that a signal would take to get from dS to the point 
P, so that the contiihution made hy dS depends not on 
the present value of ^ at dSy but on its value at that 
particular previous moment when it was necessary for a 
signal to leave dS in order that it should just have arrived 
at P. This is the justification for the title of retarded 
time, and for this reason also, is sometimes known 

as a retarded potential. 

It is not difficult to verify that we could have obtained 
a solution exactly similar to the above, but involving 
i-t-r/c instead of t—r/c ; we should have taken ifs^ in the 

previous work to be instead of — ^ . In this way 

we should have obtained advanced potentials, [<l}]t+rjc 9 
and advanced times, instead of retarded potentials and 
retarded times. More generally, too, we could have 
superposed the two types of solution, but we shall not 
discuss this matter further. 

In the case in which c = oo, so that signals have an 
infinite velocity, the fundamental equation reduces to 
Laplace’s equation,* = 0, and the question of time 
variation does not arise. Our equation (27) reduces to 
the standard solution for problems of electrostatics. 

§ 86. We shdU apply this theory to the case of a source 
O sending out spherical harmonic waves, and we shall 
take jS to be a closed surface suiroundmg the point P 
at wliich we want to calculate as shown in fig. 28. 
Consider a small element of dS B.tQ; the outward normal 
makes angles 0^ and 8 with QO and PQ, and these two 
distances are r j and r. The value of ^ at Q is given by 
the form appropriate to a spherical wave (see Chapter I, 
* See Rutherford, p. 67, equation (33). 
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equation (24;) : 


Thus 


4>q = — cos m{ct—r^ 

c6 a c6 

— = — cos 0. - 7 — 
c/i cr. 


(2Sj 


^ ^ 1 
= a cos *! — LOS mfct—Tj) — — sin iti{ct—r^) 

Now A = 277 m, so that if is much greater than A, which 



will almost always happen in practical problems, we may 
put 

dn 


ma cos , 

^ sm m{ct—r^. 


Also 

and 




ct 


amc . 

= sm«i(ci — r^. 


The retarded values are easily foxmd, and in fact, from (27), 

^ ma cos r 

X = ^ smm(c£— [r-l-rj) 

4- -^cos Q cos m{ct—\r-\-rj}) ^^^^^cos 6 sin?w(ci— [r-^rj). 

T'^lT-t CT Tf 
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We may neglect the second term on the riglit if is much 
greater than A, and so 

X = — — (cos 0+cos 0j) sm m(cf—[r+rj) . (29) 

CV>mbinnig (29) with (26) it follows that 

(kp= — (cos d + cos 0,) sin m(ci— [r +rJ)djS 
47rJ rri 

= — f (cos 0 + cos fli) sinm(c«— [r+rJ)d/Sf . (30) 

2AJ rr^ 

K, instead of a qiherical wave, we had had a plane 
wave coming from the direction of 0, we should write 

= acosm((rf— r^), 

now being measured from some plane perpendicular to 
OQ^ and (30) would be changed to 

^ I - (cos 9 + cos dj) sinm(ci— [r+rJ)ijg. (31) 
2a J T 


We may interpret (30) and (31) as follows. The effect 
at P is the same as if each element dS sends out a wave 

of amplitude ^ A being the amplitude 


of the incident wave at dS ; further, these waves are 
a quarter of a period in advance of the incident wave, 
as is shown by the term — sin m(c^— [r+rj) instead of 
cos ?n(ci— fj). i(cos 0+cos d^) is called the inclination 
factor and if, as often happens, only small values of 6 
and 0^ occur significantly, it has the value unity. This 
interpretation of (30) and (31) is known as Fresnel’s 
principle. 


The presence of this mclination factor removes a 
dffiiculty Trhich was inherent in Huygens’ principle ; this 
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principle is usually stated in the form that t^aeh eminent 
of a wave-front emit& waveletb in all d.n ms, a;id rhes^* 
combme to form the olK-trved pro^re^-.ve wave-front. In 
such a statement there is nothing to show wli\’ the wave 
does not progress backwards as well as foi wards, since 
the wavelets should combine equally in either direction. 
The explanation is, of course, that for points beliind the 
wave-front cos 6 is negative with a value either exactly 
or approximately equal to — cos and so the inclination 
factor is small. Each wavelet is therefore propagated 
almost entirely in the forward direction. 

Now let us suppose that some screens are introduced, 
and that they cover part of the surface of S. If we assume 
that the distribution of <[> at any point Q near the screens 
is the same as it would have been if the screens were not 
present, we have merely to integrate (30) or (31) over 
those parts of S which are not covered. This approxi- 
mation, which is known as St Venant's principle, is not 
rigorously correct, for there will be distortions in the 
value of if>Q extending over several wavelengths from the 
edges of each screen. It is, however, an excellent approxi- 
mation for most optical problems, where A is small; 
indeed (30) and (31) form the basis of the whole theory 
of the diffraction of light. With sound waves, on the other 
hand, in which A is often of the same order of magnitude 
as the size of the screen, it is only roughly correct. 

§ 87. Let us illustrate this discussion with an example 
of the analysis summarised in (31). Consider an infinit e 
screen (fig. 29) which we may take to be the ary plane. 
A small part of this screen (large compared with the wave- 
length of the waves but small compared with other distances 
involved) is cut away, leaving a hole through which waves 
may pass. We suppose that a set of plane harmonic waves 
is travelling in the positive z direction, and falls on the 
screen ; we want to find the resulting disturbance at a 
point P behind the screen. 
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In accordance witli § 86 we take tlip surface to ])o 
the infinite 'ty plane, comj)leted by the infinite hemisphere 
on the positive side of the xy plane. We may divide the 



contributions to (31) into three parts. The first part 
arises firom the aperture, the second part arises from the 
rest of the screen, and the third part arises from the 
hemisphere. 

If the incident harmonic waves are represented by 
^ = a cos m{ct—z) this first contribution amounts to 

a fl 

— ^ I - (1+ cos u) sin m{ct—r)dS. 

We have put = 0 in this expression since the waves 
fall normally on to the xy plane. We shall only be con- 
cerned here with pomts P w'hich lie behind, or nearly 
behind, the aperture, so that we may also put cos 0=1 
without loss of accuracy. This contribution is then 

an 

— ^ I - sin m(ct—r)dS . . (32) 

The second part, which comes from the remainder of 
the xy plane, vanishes, since no waves penetrate the 
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SH’ooTi and thus then* are no .'*ero!irldi\ \\a\i*- '^tartin^ 
there. 

Till* lluid p.uf fioni the innstib Jm nii-piRp , 
vanishes, because the only waves that can reach thi-^ part 
of S are those that came fioin the aperture, and when 
these waves reach the hemisphere their inclination factor 
is zero. Thus (32) is in actual fact the only non-zero con- 
tiibution and we may ^Tite 

^ sin m{ct—r)dS . . C13) 


Let P be the point {x, y, z) and consider the contribution 
to (33) that arises from a small element of the aperture at 
Q (^, 17 , 0). If OP —f and QP == r, we have 

P = 

= p-2xi-2yri-,-e^-^7j^ , . (34) 


Let us make the assumption that the aperture is so small 
that f-;/- and 7j-,p may be neglected. Then to this 
approximation (34) bhov s us that 


So 


»■=/ 


‘c^-T-yv 

f ' 


^P= — sin /+ 


Again without loss of accuracy, to the approximation to 
which we are working, we may put 1 /r == 1 //, and then 
we obtain 

^p = — A sin {m{d—f)+€}, 

where 

A^- = (P+S^, tan6 = iSf/a, 

K 2 
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a{x. y) ----- j cos {r^-Vyri)d^dT], 

-sc®, y) = . . (3o) 

Once we know the shape of the aperture it is an easy 
matter to evaluate these integrals. Tims, if we consider 
the case of a rectangular aperture bounded by the lines 
f = J-a, 17 = ±j 8 , we soon verify that jSf == 0 , and that 

+a 

G = jeos^{xi+yr])dri di 

-a -p 

4a sin pax sin p^y 

= -r-^ } . • • (do) 

Xf px py 


where p = £ 77 / A/. J£ we are dealing with light waves, 
then the intensity is proportional to (P and the diffraction 
pattern thus observed in the plane z=f consists of a 
giill network, with zero intensity corresponding to the 
values of x and y satisfying either sin pax = 0 , or 
sin ppy = 0 but excluding x = 0 and y = 0, 


§ 88 . The discussion of the last paragraph related to 
the case of plane waves falling normally on an aperture 
whose size, while large compared with the wavelength, 
was still small compared with the distance from the 
aperture to the screen on which the pattern was being 
observed. We might refer to this as dififraction at a 
pin-hole. But the equations (35) arise in another far 
more important way which we must now explain, and 
which is known as Fraimhofer Difrraction. 

Consider (fig. 30) a plane wave shown as AA' in the 
diagram falling normally on a convergent lens L. [L 
replaces the previous pm-hole.) This lens will convert 
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the xDlane TV’ave into a spherk-al wave \^hich converge^ 
at Z, the focus. On account of the finite size of the lens 
the focus is not perfect, and we a^k the question : what 
TR-ill be the intensity observed at a point P in the focal 
plane through Z ? 



Fic. 30 


To answer this question it k convenient to draw the 
wavefront BOB' of a wave that has just left the lens. 
We may regard this as part of a spherical surface with 
centre Z and radius equal to the focal length /. If we 
take 0 as origin and OZ as axis of Z, then the coordinates 
(f , 7 }, 0 of point Q on the surface satisfy the equation 

i.e = m • • . ( 37 ) 

Now by reasoning very shnilar to that ii&eil in § 87 we may 
argue that if P is near Z, the total effect at P is just the 
sum of separate contributions arising from all the elements 
dS within the curved Avavefront BB', Let us suppose 
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that the inclination factor (p. 144) may be put equal to 
unity, and that the amplitude at all points on RR' is a ; 
this is the same as the amplitude in the incident wave AA' 
Thus 

(j)Q = a cos m{ct-rf) . . . (38) 

Let us write {x, y, f) for the cooidinates of the point P 
at which the observation is made, and put QP = r. Then 
the appropriate form of (30) is 

== —^J - sin m{ct—r-\-f) dS . . (39) 

We may replace 1/r by 1// in the first part of this integral : 
and note that 

r® == (a;— ^)2+(y— ij)*4(/— 

= /®+a^+ 2 ^— 22/ij by (37). 

In cases where this type of diJBfraction is important, / is 
large and x and y are small. We may therefore write 

so that effectively 

.... , 40 ) 

Combining (39) and (40) we have 



Thus, on integrating, 

= —A sin(twci+e), . . . (41) 

where A and e are given by precisely the same formulae 
as in (35). 

This kind of analysis ^^ill apply particulaily to the 
image of a stai* in a telescope of long focal len^h. The 
star is so fai aTray that it may be regarded as giving out 
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a beam ot ijarallel light. We have jii'st shoTvn therefore 
that the image of the star K not a 2 )oiiit. but a pattern 
^\ith maxima and minima, dep.mdmg on the shape and 
size of the lens For example, if a rectangular aperture 
(bounded b^’ | t] = ~3) is placed immediateh' 

behind the lens L, the diffiraction pattern is a grill network, 
as in (36). And a circular aperture ^question 9 at the end 
of the chapter) gives diffraction ring^ around Z In any 
case the finite extent of the central maximum, or zone, 
will put limits to our power of resolving the light from 
two close stars. For if the geometrical images of the 
two stars lie within one another’s central zones, we shall 
experience difficulty in distinguishing whether there 
really only one star, or two. But there is no space here 
to deal T^dth this important matter any more closely. 


§ 89. We conclude this chapter with a discussion of 
the equation 

= 


where p is some given function of r, y, :: and f. When p = 0 
this is the standard equation of wave motion, whose solution 
was discussed in § 85. Equati m (-1:2) has already occurred 
in the propagation of electric waves when charges were 
piesent (Chapter YJIl, equations (17') and (18')). We 
may solve this equation in a manner very similar to that 
used in § 85. Thus, suppose that p{x, y, z, t) is expressed 
in the form of a Fourier series with respect to f, viz , 

P(u, . . (43) 

i 

There may be a finite, or an infinite, number of different 
values of I, and instead of a summation over discrete 
values of k we could, if we desiied, include al'^o an integia- 
tioii over a continuous range of values. We shall discuss 
here the case of discrete values of L , the student will 
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eafcily adapt our method of solution to deal with a 
continuum. 

Suppose that 2 , t) ii> itself anal 3 "sed into com- 

ponents similar to (43), and let us write, similarly to (22), 

4>{x, y, z, t) = y, . . (44) 


the values of k being the same as in (43). If we substitute 
(43) and (44) into (42), and then equate coefficients of 
we obtain an equation for is 

(V"+^-2)^A- -iTra;, . . (45) 

This equation may be solved just as in § 85. Using 
Green’s theorem as in (25), we put y, z), 

g— tfcr 

0, = , taking U and jS^ to be the same as in fig. 27. 

T 

With these values, it is easfly seen that the left-hand side 
of (2o) no longer vanishes, but has the value 



g) 

r 




(46) 


the integral being taken over the space between S and S. 
The right-hand side may be treated exactly as in § 85, 
and gives two terms, one due to integration over 27, and 
the other to mtegration over S. The first of these is 

—^M^p’yp’^p) ■ • • ( 4 : 7 ) 

Tlie second may be calculated just as on p, 140. Gathering 
the various terms together, we obtain 

M^'p- yp> -p) = J " 
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Coinbiniiig (43), (44) and (4S) we can soon verify that our 
solution can be written in the form 

^{zj.,yp,zp)= . (49) 

where X is defined by (27). This solution reduces to {27) 
in the case where p = 0, while it reduces to the well-known 
solution of electrostatics in the case where c = x. 

We have now obtained the required solution of (42). 
Often, however, there be conditions imposed by the 
physical nature of our problem that allow us to simplify 
(49). Thus, if p{x, y, z, t) is finite in extent, and has only 
had non-zero values for a finite time t>fQ. we can make 
X = 0 by takmg 8 to be the sphere at infinity. This 
follows because X is measured at the retarded time t—r^'c, 
and if r is large enough, we shall have t—r’c<fQ, so that 
[^]f-r/c ifs derivatives will be identically zero on 8, 
In such a case we have the simple result 

<l,(xp,yp,zp) = j^^^dr, . . (50) 

the integration being taken over the whole of space. 
Retarded potentials calculated in this way are very 
important in the (IJlassical theory of electrons. 

§ 89. Examples 

(1) An observer who is at rest notices that the frequency 
of a car appears to drop fi-om 272 to 256 per second as 
the car passes him. Show that the speed of the car is 
approximately 23 m.p.h. How fast must he travel in the 
direction of the car for the apparent frequency to rise to 
280 per second, and what would it drop to in that case ? 

(2) Show that in the Doppler effect, when the source and 
observer are not moving in the same direction, the formulse 
of § 80 are valid to give the various changes in frequency, 
pro\ided that u and v denote, not the actual velocities, but 
the components of the two velocities along the direction in 
which the waves reach the observer. 
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(3) The amplitude A of a lioimonic wave A cos ^irint—Jcx) 

LS modulated so that A = tos iirpt-^-c co&- 27 rpt. Show 
that combmation tones of frequencies w±2p appear, 

and calculate then partial amplitudes. 

(4) The dielectric constant of a certain gas varies with the 
wavelength accordmg to the law € = JL+JB/A®— C7A®, where 
A, B and G are constants. Show that the group velocity U 
of electromagnetic waves is given m terms of the \vave velocity 
V by the formula 


U = V 


A -20A- 


(5) In a region of anomalous dispersion (§ 83) the dielectric 

-4 A® 

constant obeys the approximate lawr e = 1 A more 


AXHX^^Xo^) 


A"-Ao" 

,, where -4, B and 


accurate expression is e = 1+ 

Aj are constants. Find the group velocity of electric waves 
in these two cases. 

(6) Calculate the group velocity for ripples on an infinitely 
deep lake. (§ 54, equation (54).) 

(7) Investigate the motion of a wavepacket (§ 84) for 
which the amplitude a is given m terms of the wave number k 
by the relation 

a(k) = 1 if \k—kQ\<ki 
= 0 otherwise. 


A'q and fei bemg constants. Assume that only the first two 
terms of the Taylor expansion of w in terms of k are required. 
Show that at time t the disturbance is 

— aS) 

where a = (dnldk)^. Verify that the wavepacket moves as 
a whole with the velocity a. 

(8) Show that when dS is normal to the incident light 
(§ 86), the mclmation factor is — Plot this function 

A 

against 6j and thus show that each httle element dS of a. 
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wave gives zeio amplitude immediately behind the direction 
of wave motion. Using the fact that the energv is proportional 
to the square of the amplitude of show that, taken alone, 
each small element sends out 7, S of its energy forwards m 
front of the wave, and only 1/8 backwards. 

(9) A plane wave falls normally on a small circular 
aperture of radius 6. Discuss the pattern observed at a large 
distance / behmd the aperture. Show that with the formuLe 
of §87, if the mcident wave is 6 = a cos 7nffJ—z}, then 
jS = 0, and if P is the point {x, 0, /), then 
-6 

C = • cospf where p = 2- 


iab^ rir 2 

"Af Jo 


cn> (pb COS shl-p fW. 


Expand cos {pb cos in a power senes in eo^ and hence 
show that 


A/ r a'l'/ • 3'2-' 4'3'' 


» 


where i: ==pb^2 = irbx A/. Since the system ls symmetrical 
around the s axis, this gives the disturbance at any pomt 
in the plane z —f. It can be siiown that the inniiite senct- 
IS in fact a Bessel function of order unity. It gives rise trt 
diffi-action rings of diminislimg intensity for large values of x. 

(10) The total charge q on a conducting sphere of radius a 
is made to vary so that q = 477a-c-, where o- = 0 for t<0, and 
fT = <tq sin pt for 0. Show that if e == p = 1, (§70 eq. (IS')) 
the electric potential ^ at a distance R from the centre of the 
sphere is given by 


ct<R—a, 

R—a<ct<R-T-a, 

R-{-a<ct, 


^ = 0 , 

ZiraCaQ f 


^r, / R—a\'% 

4^ra^o^o pa . /. R\ 

sm — 1 

jjR c 




(11) The wave represente<l by ^ = A cos 27r(/if— Ar-fc) 
suffers pliase modulation in which e = a-rb cos 2r:pL a, 6 



156 


WAVES 


and p are constants, and may be neglected. Show that in 
addition to the wave of given frequency n and amplitude A, 
combination tones appear, with frequency w-diP, and amplitude 
\Ah. 

(12) The wave represented hy ^ = A cos 277(J^^— fcc-he) 
suffers frequency modulation in which n = nQ-\~a cos 2^rp^. 
a, riQ and p are constants, may be neglected and p < < 71 ^. 
Show that in addition to a wave of frequency tiq and amphtude 
A, there are four combmation tones of frequency 
and amplitude ^A. Iti may be assumed that at is small. 


j^AffrswERS : 1 .c/34, where c = velocity of sound, 249 per 

+ .[(a»-V)»+bat /’ ^ 

2irT 1 
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71 
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Refraction of hght waves, 113 
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Retarded potential, 142, 153 
time, 141 
Ripples, 83 

Screen, 145, 146 
Separation constant, 9 
Skin effect, 125 
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Njund. velocit\ n**, S'J 
waves, 87-101 
Source, movuifi, 12S 
Spiings and bait,, longitudinal 
waves in, 51-59 
vibration of, 55 

Stationary waves, 6, 32, 38, 45, 
48, 53, 75, 95 
Strings, normal modes, 31 
waves on, 21-42 
St. Venant’s Principle, 145 
Superposition, principle of, 5, 
130, 135, 13S 
Surface, free, 62, 82 
tension, 63, SI 
waves m liquids, 63, 72-81 

Telegraphy, equation of, 15, 39, 
119 

Tidal waves, 62, 63-72 
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Tone, 35 

combination, 132 
Total or mternal reflection, 118 
Transmission coefficient, 28, 117, 
123 

Transverse waves, 21, 44, 109 

Vector, Poynting, 104, 112, 124 
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Voiocitv. of 33imd. 
potential, 72, ^7. 
wave, 132 

Vibrations, fif'geiierate, 4b 

Wave, capillary, 81-84 
electric, 102-127 
harmonic, 2, 16-17 
m bars and spiiags, 51-59 
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in membranes, 43-50 
long, in shallow water, 62 
longitudinal, 21, 51-59, 87 
motion, equation of, l-2o, 5 
number, 3 
on strings, 21-42 
packer, 135 
plane, 4 
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proijressive, 6, 13, 23, 26, 28, 
30, 40, b6, 71, 74, 77, SI. 
95, lUU, 109-125 
reduction to a steady, 40, 71 
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stationary, 6, 32, 33, 45, 4», 
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surface, 63, 72-81 
tidal, 62, 03-72 
transverse, 21, 44, 109 
velocity, 132 
Wave-front, 4 
Wavelength, 3 
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